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From pro-p Iwahori-Hecke modules to r)-modules I 

by Elmar Grosse-Klonne 

Abstract 

Let 0 be the ring of integers in a finite extension K of Qp, let k be its residue field. Let G be 
a split reductive group over Qp, let T be a maximal split torus in G. Let 'H(G, Iq) be the pro- 
p-Iwahori Hecke o-algebra. Given a semiinfinite reduced chamber gallery (alcove walk) in 
the T-stable apartment, a period ij) & N{T) of G*-*) of length r and a homomorphism r : —>■ 
T compatible with (j), we construct a functor from the category Mod*’"(H(G, Iq)) of finite 
length H(G, /o)-modules to etale {ip^, r)-modules over Fontaine’s ring Og. If G = GLd+i(Qp) 
there are essentially two choices of (G*'*\ (j), r) with r = 1, both leading to a functor from 
Mod®"('H(G,/o)) to etale (</?, r)-modules and hence to GalQp-representations. Both induce 
a bijection between the set of absolutely simple supersingular 'H{G,Io) fc-modules of 
dimension d + 1 and the set of irreducible representations of GuIq^ over k of dimension d+1. 
We also compute these functors on modular reductions of tamely ramified locally unitary 
principal series representations of G over K. For d = 1 we recover Golmez’ functor (when 
restricted to o-torsion GL 2 (Qp(-representations generated by their pro-p-Iwahori invariants). 
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1 Introduction 


In his remarkable opus [5] on the p-adic local Langlands correspondence for GL 2 (Qp), Colmez 
established a bijection between certain representations of GL 2 (Qp) and certain two-dimensional 
representations of the absolute Galois group GuIq^ of the field Qp of p-adic numbers. These 
representations have coefficients either in a finite extension of Fp, or in a finite extension of 
Qp. In either case, the theory of (p, r)-modules as developed by Fontaine [7j provides the 
required intermediate objects in order to pass from one side to the other. Prior to Colmez’ 
work the characteristic p correspondence had been suggested by Breuil as an explicit ”by hand” 
matching between the objects on either side; it was then astonishing to see this correspondence 
being realized even by a functorial relationship between GL 2 (Qp)-representations and (p,r)- 
modules. A certain functor D from o-torsion representations of GL 2 (Qp) to (p, r)-modules over 
0 constitutes one half of this relationship. Here o is the ring of integers in a finite extension 
K of Qp. Although Colmez does not phrase it in these terms, his functor D may be viewed 
as factoring through a functor from certain coefficient systems on the Bruhat Tits tree X of 
PGL 2 (Qp) to (p, r)-modules. The purpose of the present paper is to suggest an extension of 
this latter functor to certain coefficient systems on the Bruhat Tits building X of a general 
split reductive group G over Qp. Such coefficient systems can in particular be attached to (o- 
finite-length) modules over the pro-p-Iwahori Hecke o-algebra 'H(G,/q)) formed with respect to 
a pro-p-Iwahori subgroup Iq in G. The entire construction depends on a certain choice, and for 
each such choice we end up iTheorem 17.51) with an exact functor from such /o)-modules 
to (p”, r)-modules, with r G N depending on that choice. 

Let Oo denote the vertex of X fixed by GL 2 (Zp). In GL 2 (Qp) consider the element (p = 



and the subgroups TIq = 


Zp 

1 


and r = 



The orbit of Oq under 


the submonoid of G generated by TIq, <p and P defines a halftree X+ inside X: its 

edges are those whose both vertices belong to that orbit. Adding the unique edge with only one 
vertex (namely do) in that orbit we obtain the half tree X+. Let V be a [TIq, Tj-equivariant o- 
torsion coefficient system on j£+. Let D(y) = Hq{X^,V)* and D'{V) = Ho{X+,V)* (Pontryagin 
duals). Under a suitable finiteness conditions these are compact = o[[DTo]]-™odules and the 
natural map D'{V) (8)^+ Os —>■ D{V) (8)^+ Os =■ E)(V) is bijective, where Os denotes the p-adic 
completion of O'^ with respect to the complement of ttkO'^, where ttk € o is a uniformizer. 
The actions of (p and T then provide D(V) with the structure of an etale ((p, r)-module. (The 
O^-lattice D'{y) carries the (p-operator, the O^-lattice D{V) carries the '0-operator.) 

Now suppose we are given a G-equivariant coefficient system V on X. By what we said, 
in order to pass from V to an etale ((p, r)-module we might try to assign to V a [Tto,<p, PJ- 
equivariant coefficient system on Thinking sheaf theoretically, a very naive pattern would 
simply be: choose an embedding (a notion to be clarified) i : X and take the pull back 

L~^V of V to j£+. However, in order that l~^V obtains a [TIq, (p, PJ-action from the G-action on 
V one must ask an equivariance property of l. At first one would think of such an equivariance 
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property with respect to a chosen embedding of TJ into G, but if G / GL 2 (Qp) such 

a construction is apparently not available. Now the main point of the present paper is that 
this embedding idea can nevertheless be implemented if the equivariance property is negociated 
down to the bare minimum which just suffices for such an equivariant pull back of coefficient 
systems — but only for equivariant coefficient systems of a very specific type: coefficient systems 
”of level 1” in our terminology. 

Let T C G be a split maximal torus, A C X the corresponding apartment, G C ^ a chamber, 
/ C G the corresponding Iwahori subgroup, Iq C I its pro-p-Iwahori subgroup, NT a Borel 
subgroup with unipotent radical N and A^o = N Hi. We fix an infinite reduced chamber gallery 
G^*) = (G = ...) in A with |A^o -G^*)! = p® for i > 0. Given G^*), we choose an 

auxiliary datum, which we call 0: for alH > 0 an identification of the orbit Nq ■ G^®^ with the set 
of edges of X 
”at distance 

action of No on the neighbourhood of any n- (G^®^ nG^®+^^) (for n G A^o) — he. on the chambers 
containing n- (G^®^ nG*-®^^^) — with the action of fHo on the neighbourhood of the corresponding 
vertex in X+. See Theorem 13.21 Such a 0 given, N^o-equivariant coefficient systems V on X of 
level 1 give rise to ITlo-equivariant coefficient systems 0*V on X+: this is essentially built into 
the level 1 property which exactly says that the No-action on V(n • (G*-®^ D G^®+^^T is insensitive 
to the subgroup fixing the above neighbourhood of n ■ (G^®^ D G^®^^^) pointwiselH See Theorem 
lO The ambiguity in the particular choice of 0 is immaterial for our further purposes, as long 
as is fixed. 

If € N{T) is a period of length r € N for G^*^ i.e. if ^(G^®)) = G^®"’"®') for all i > 0, 
then 0 can be chosen in such a way that 0*V carries an action of Similarly, if for 

an embedding r : T the image T(Zp) commutes with (p and acts semilinearly on V, then 

0*V carries an action of 

For equivariant coefficient systems V of level 1 on N satisfying a certain finiteness condition 
we thus obtain an etale ((/j®*, r)-module D(0*V) by the functor analogous to the one discussed 
at the beginning (now with a <y9®’-action instead of a (/j-action). 

To any admissible o-torsion representation V oi G one can associate a G-equivariant coeffi¬ 
cient system V on N which indeed satisfies the said finiteness condition and which to a chamber 
G' of X with corresponding pro-p-Iwahori subgroup Iq assigns V(G®) = V^'o. But there is even 
a functorial construction of such coefficient systems depending only on the ?^(G,/o)-module 
and not on the G-representation V. In other words, there is a functor M i—>■ Vm from 
the category Mod^“('H(G, Iq)) of ■H(G,/o)-™odules which (as o-modules) are of finite length, to 
coefficient systems on X which satisfy the said finiteness condition, cf. Proposition 15.11 0ne 

*By convention, our chambers are the closures of those open subsets usually referred to as the chambers of X. 

^Notice that we only need values of V on all the n • and n■ nC'*-®"'"®^), not on smaller facets. Therefore, 

deviating from usual terminology, a ’coefficient system’ in this paper is ony defined on facets of codimension 0 or 

1 . 


+ ”at distance i”, and of the orbit A^q • (^^®^ n G^®"*"^)) with the set of vertices of X+ 
i”. This should respect face inclusionsO Garefully chosen, such a 0 identifies the 
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gets a functor 


M ^ D(0*Vm) 

from Mod®“(?^(G, Iq)) to the category of etale r)-modules; it is exact. See Theorem 17.51 If 
the o-action on M factors through k then the action of 0$ on D(0 *Vm) factors through the 
residue field k£{= k{{t))) of and we have 

dimfc£D(0*VM) < dimfcM. 

The functor depends on the choice of cj) and r. It is of course of interest to find C^*\ cj), r 
such that the length r of the period (j) is small. 

Let To be the maximal pro-p-subgroup of T. A slight simplification of the above construction 
produces an etale ro)-module D(0 *Vm) for any choice of (j)), not requiring a cocharac¬ 
ter r as above. (The existence of such r apparently is a fairly restrictive assumption on (p).) 

Thus, any pair gives rise to a functor M i-)- D(0 *Vm) to etale ro)-modules, cf. 

Proposition 14.41 Corollary 17.31 (ai. Theorem 17.51 (ai. 

Let G = GLc;_|_i(Qp) for some d € N. Then, asking for C^*\ </>, r with r = 1 one has 
essentially just two choices, namely where is interpolated by the translates of C by one of 
the two (if d > 1) extreme (in the Dynkin diagram) simple coroots. As r = 1 we obtain usual 
etale ((/?, r)-modules D(0 *Vm)) hence we can pass to their corresponding CalQ^-representations 
IT(D(0 *Vm))- We compute the resulting functor 

(1) M ^ IT(D(0*Vm)) 

from Mod®'^(77(G, Iq)) to GuIq^- representations over o in important cases. Let V.{G,Io)k = 

n{G,Io)0o k. 


Theorem 18.81 If G = GL(i_|_i(Qp) the functor ([7]) induces a bijection between 

(a) the set of isomorphism classes of absolutely simple supersingular 'H{G,Io)k-modules of 
dimension d + 1 and 

(b) the set of isomorphism classes of smooth irreducible representations of over k of 

dimension d -|- 1. 

The required input about 'H{G, /o)fc-™odules is provided by work of Ollivier [11] and Vigneras 
m while the facts needed about GalQ^-representations we found in work of Berger |2]. These 
ingredients allow us to make the correspondence in Theorem 18.81 completely explicit, similarly 
to Breuil’s matching correspondence in the case of GL 2 (Qp). 

Still concentrating on G = GLrf_|_i(Qp), we next evaluate the functor on reduced standard 
^.{G, Io)k-modules (or 'H{G,Io)k-modules of W-type). Such modules admit a fe-basis indexed 
by the finite Weyl group W in terms of which the 77(G,/o)fc-action can be given very neatly. 
One may expect reduced standard modules to play a similar role for the representation theory of 
77(0, /o)fc as standard modules do in similar and more classical contexts. If T is a locally unitary 
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tamely ramified principal series representation of G over K then the 'H(G,/o)fc-™odule arising 
by modular reduction from the T-i{G, Iq) -fil-module of /o-invariants is a reduced standard 
■H(G,/o)fc-niodule, see [9]. (Here, by local unitarity of Y we precisely mean that Y^° admits an 
"^(0,/o)-stable o-lattice.) For any reduced standard ^(G, 7o)A;-module M we explain how the 
GalQp-representation VF(D(0 *Vm)) can be filtered in such a way that the subquotients take the 
form md{uJ!^_^_l) iSiLO^up with varying m > 0, h, s € Z, /3 € (in usual notations, e.g. as in IS])- 
Such a filtration is induced from a suitable /c-vector space filtration on M which itself is induced 
from a suitable (set theoretical) filtration on W associated with M. In the special case where 
M = for a tamely ramified principal series representation F of G over k one can be even more 
precise. In that case we describe a filtration of IF(D(0 *Vm)) with d-dimensional subquotients 
of the form ind(a;^) 0 with varying h, s, /3, and we find dim^IF(D(0 *Vm)) = did (whereas 
dimfc(M) = (d + 1)!, as for any reduced standard 77(G,/o)fe-module). See Theorem 18. 141 for the 
precise statement. It generalizes to G = GLrf+i(Qp) Colmez’ computation for G = GL 2 (Qp). 

The key step in computing the GalQ^-representation IT(D(0 *Vm)) is the passage from the 
module 77o(X+, 0 *Vm) over the non commutative polynomial ring k'^lip, T] over 7+ = 7po]](= 
A;[[t]]) to the etale (<^, r)-module D(0 *Vm) over ks- To this end, inspired by section 5 of [ 6 ] we 
introduce a notion of ’standard cyclic modules’ over [ 99 , T]; these give rise to (y?, r)-modules 
over ks whose associated GalQ^-representations are of the form ind(ti;(),^_,_]^) 

The structure of the paper is as follows. We start, section [21 by recalling preliminaries about 
mod p representations of SL 2 (Fp) as needed in sections IH HI [ 8 l In section [3] we present our 
main geometric construction: an isomorphism 0 between the A^o-orbit of a semiinfinite chamber 
gallery G^'i in X as above, and the half tree X_|_; this 0 can be chosen to be ’equivariant’ in a 
sense suitable for our purposes. In section 0] we introduce our notion of equivariant coefficient 
systems as needed in this paper, and their (strict) level 1-property. We explain the passage from 
equivariant coefficient systems of level 1 on X to such on by means of 0 , and we prove the 
important Theorem 14.31 which says that the ITo-invariants in Hq{X+,V) for an fTo-equivariant 
coefficient system V on of strict level 1 are just the obvious ones. The functor M 1 —>■ Vm 
from Mod®“('H(G, Iq)) to coefficient systems on X is the subject of section HI Section [6] recalls 
basic facts on ((/ 9 ^, r)-modules, followed by a discussion of standard cyclic modules over k'^[ip,V\ 
and their corresponding GalQ^-representations. Section [7] explains the functors from equivariant 
coefficient systems on to modules over k'^[p^,T], to (V’^, r)-modules and to ((/j'’, r)-modules. 
This is almost formal and only rephrases the main construction of Colmez’ functor D in terms 
of the halftree X+. We end with our computations of the functor M 1 -^ IT(D(0*Vm)) in the 
case G = GLrf_|_i(Qp) and r = 1 , section HI 

Remarks: (a) Throughout, we could just as well replace G by the group of T-rational points 
of an T-split connected reductive group over F, for an arbitrary local field F with residue field 
Fp (but still using the tree X of GL 2 (Qp) and the associated usual ((/J, r)-modules). 

(b) In the sequel [T0| to this paper we discuss in more detail the functor D introduced here 
for split reductive groups over Qp other than GLd+i(Qp). 
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Notations: We fix a finite extension K/Q^p with ring of integers o, prime element ttk and 
residue field k. We let resp. denote an algebraic closure of Qp resp. of k. For 

m > 1 we write Om = Recall that Pontryagin duality V V* = Homp*(U, iL/o) sets up 

an equivalence between the category of all torsion o-modules and the category of all compact 
linear-topological o-modules. 

2 Mod p representations of SL 2 (Fp) 

In this section we recall well known facts on the representation theory of SL 2 (Fp) and its quotient 
PSL 2 (Fp) on fc-vector spaces. We use usual conventions concerning induced representations, 
Hecke algebras and Hecke operators, just as they are recalled explicitly in the later section [5j 

Lemma 2.1. LetU he a cyclic group with p elements. Let W be a k[U]-module, generated by a 
finite dimensional sub k-vector space W ofW with dimfc(IU') = dimfc(IU^). Let 

1] : kp] ^ W 

denote the surjective morphism of k\U]-modules induced from the inclusion W' ^ W. Then 
the map H^{7jp,r]) : H^{Zp,k[U] ^k W) H^{Zp,W) (continuous cohomology) is bijective for 
every surjection "Lp ^U. 

Proof: The same as for [8] Lemma 2.1 (ii) and (hi). For the convenience of the reader, we 
reproduce the proof. 

(i) Any (finitely generated) /c[Z^]-module admits a direct sum decomposition with summands 
isomorphic to quotients of k\U]: this can be seen e.g. by applying the structure theorem for 
modules over the polynomial ring in one variable over k, of which k[U] is a quotient. From this 
we see that the minimal number of elements needed to generate such a fc[ZY]-module is the same 
as the dimension of its space of Z//-invariants. As dimfc(IU^) = (imik{W') we therefore see that, 
as a A:[A^]-module, W can not be generated by fewer than dimfc(IU') many elements. 

(ii) Let 

e : k^] ®k W — W', u® w w ioi u 
denote the augmentation map. We claim that ker(7/) C ker(e). 
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To see this let x € ker(r/). If x ^ ker(e) then the class of x in {k[l/{] <Sik W) k does 
not vanish (here k\U] k is the augmentation, its kernel is the maximal ideal of the local ring 
k\U\). Therefore, by Nakayama’s Lemma, the quotient {k\U] W)/{k\U].x) can be generated 
by fewer than dimfc(IT^) many elements. As x G ker(? 7 ) this is a contradiction to what we saw 
in (i). 

(iii) Let 7 : Zp ^ k\U\®kW be a 1-cocycle such that 707 : Zp —)■ VL is a coboundary. As 7 is 
surjective we may modify 7 by a coboundary such that now 707 = 0 . Let c G Zp be a topological 
generator. Since 7(7(0)) = 0 we have 7 (c) G ker(e) by (ii). But ker(e) = (c — l)k\U] 0^ W , so 
7 (c) = cf — f for some / G k^] 0^ W . Since c generates Zp the cocycle condition on 7 shows 
7 (c') = c'f — f for any c' G Zp, so 7 is a coboundary. We have shown injectivity of 
The surjectivity of follows from the surjectivity of 7 and from H‘^{'Zp, ?) = 0 . □ 

Let either S = SL 2 (IFp) or 5 = PSL 2 (Fp). Let U be the (group of Fp-valued point of 
the) unipotent radical of a Borel subgroup in S. For m > 1 we consider the Hecke algebra 
?^(;S,W)„^ = End„^[5j(ind|lo^)°P. 

Lemma 2.2. The universal module ind^lo^ is flat over 'H{S,U)o^- 

Proof: For the course of this proof let us write T-Lo^ = 'H{S,U)o^ and more specifically 
Tik = kLoi- The flatness assertion is equivalent with the claim that for any left ideal I in T-Lom 
the natural map 

(2) ind|lo„ 0^„^ 1 indglo^ 

is injective. We proceed by induction on m. For m = 1 this is a variant of the proof given for 
GL 2 (Fp) in Prop. 2.2 of [13]. For the facts on T-Lk stated below see e.g. [3|. Let T be a maximal 
split torus in S such that lA is the unipotent radical of the Borel subgroup B = UT = TU. We 
have the 5-equivariant decomposition 

ind|lfc = 0 ind|/3 
/3£T 

where /3 runs through the set of A:^-valued characters fl of T, viewed as characters of B. For 
/3 G let €7 G Tik denote the natural projection ind^lfc —>■ ind^/3 composed with the inclusion 
ind^/1 ^ ind^lfc . The are pairwise orthogonal idempotents summing up to the unity element 
in T-Lk- Let G TLk denote the Hecke operator corresponding to a generator n* G N{T) of the 
Weyl group N{T)/T. Then TLk is generated by Tn^ together with all the € 7 . For (3 € define 
e 7^ hy = j3{nstn~^) for t G T. We have Tn^ep = epsT^^. 

In view of the above orthogonal decomposition, to prove injectivity of (|2|) for m = 1 it is 
enough to show the following: 

(a) For any /3 G with (3 ^ and any left ideal Z in TLkf^p © TLk(-p’> the map 
(ind|/3 © ind|/3*) Z —^ ind|/3 © ind|/3^ 
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is injective. 

(b) For (the unique) f3 € with /3 = /3* and any left ideal I in the map 

(ind|/3) I —^ ind|/3 

is injective. 

In (a) the image of in (which we again denote by T„J satisfies = 0, 

and besides the relations already stated, there are no further ones in ® T-Lkep^- As ep and 
e^s are orthogonal idempotents, we may further split up the situation, and the only critical case 
to be considered is where Z = (or symmetrically Z = ZCkf-pTn^). We may rewrite the 

inclusion Z = T-Lk^jSsTn^ 'Hk^p as the exact sequence 

T-Lkep T-Lkeps V-keis 

and need to verify that the resulting sequence 

ind^/3 ind^/3® ind^/3 

is exact. But this is well known. (This exactness is specific to our working with the prime field 
Fp; for non-prime finite fields it fails.) In (b) the argument is similar (but easier, and valid for 
any finite field); namely, it boils down to the exactness of 

ind|/3 ^ ind|/3 ind|/3 ^ indp 

(for the trivial fi ^T^). 

Now let m > 1. We apply ind^lp^ (•) commutative diagram with exact rows 

0 —. X n -- z -- z/z n — - o . 

0 ^ '^Om ^ ^Om ^ ^ 0 

Observe that l-Loi — bottom row then becomes the exact sequence 0 —)■ ind^l^ —>■ 

ind^lo^ —)• ind^lo^_j ^ 0. The top row remains exact in the middle. By induction hypothesis, 
the outer vertical arrows remain injective. Therefore the middle vertical arrow remains injective. 
□ 

Let Xu denote the unique element in ind^lp^ supported on U and taking constant value 
1 £ Om there. For a ?^(5,Z^)o^-(left)module M consider the natural map 

(3) M ind|lo^ m ^ © m. 

Lemma 2.3. The map is an isomorphism from M onto (ind^lo„ ®'H(svi)o Af)^. 













Proof: The same as in the proof of [8] Proposition 4.1 (where GL 2 (Fp) instead of SL 2 (Fp) 
or PSL 2 (Fp) was considered). Specifically, using Lemma [22] this is reduced to the case where 
M is an irreducible 7i{S,U)k-iaiodu[e. □ 


Lemma 2.4. Let lA he the unipotent radicals of two opposite Borel subgroups in S. Let W 
be a k[S]-module which is generated by . Then W is generated by even as a k\lA]-module. 

Proof: The same as in [S] Lemma 2.1 (i). (We remark that the analogous statement is true 
more generally for SL 2 (Fq) or PSL 2 (Fg), for any finite field Fg.) □ 


For concreteness, let now more specifically lA denote the subgroup of unipotent upper trian¬ 
gular matrices in SL 2 (Fp). We define 


v = 





hs{x) 


X 0 \ 

0 x~^ J 


for X € Fp . In case S = PSL 2 (Fp) we use the same symbols lA, u, n^, hs{x) for the respective 
images in S. Let t = [v] — 1 in k^fA]] this is a generator of the maximal ideal in the local ring 
k\U\ = k[t]/{tP). The /c-algebra 'H{S,lA)k is generated by the Hecke operators x G Fp 

together with Tn^ ■ 

Let 0<r<p—l;in case S = PSL 2 (Fp) suppose in addition that r is even. We define a 
character Xr '■ 'H{S,lA)k k by requiring 


(4) Xr{Th,(x)) = X forallxGF^. 

as well as Xr{Tns) = —1 if r = p — 1, and Xr{Tnf) = 0if0<r<p — 1. 

We denote the one-dimensional A:-vector space underlying Xr again by Xr, and we let e denote 
a basis element of it. By Lemma (221 we may regard e as an element of (ind^lfc) ®ri(svi)k 

Lemma 2.5. The subspace k.e = Xr of (ind^lfc) Xr is preserved by the element f 

of k[S]. We have f^nj^e = r\e. 

Proof: It is well known that (ind^lfc) ® ri ( SU)k isomorphic with Sym^(A:^) as a k[S]- 
module. By Lemma (221 the space of ^/-invariants in (ind^lfc) '^r{(su)k Therefore the 

claims follow by a straightforward computation in Sym’'(A:^). □ 


Let 1 < r < p — 1] in case S = PSL 2 (Fp) suppose in addition that r is even. We define an 
'H(iS,//)fc-module Mr with A:-basis e, / by requiring 


Tns{e) = f 

and 

TnAf) = i^/ [ 

r = p — 1 
r < p — 1 

Th,(x){e) = xW 

and 

Th,(x)if) = x-^f 



for all X G Fp . By Lemma (221 we may regard Mr as a subspace of (ind^lfc) ®y^(su)k 


9 


Lemma 2.6. In (ind^lfc) we have 


(5) 

( 6 ) 
(7) 


tP-^n~^e = /, 

= r'-f, 

nsf - e 


( 8 ) 


^Ug — (p — 1 — r)!e 


If r = p — 1 we have 


€ k-fuge, 
i>0 

G y^^k.fugf. 

i>0 


(9) n/(/ + e) = / + e, 

(10) tP~^nf^e + e G k.fng{f + e). 

i>0 

Proof: In ind^lfe we compute 


p-i 

t^~^nJ^Xu = (M - 

i=0 

for the last equality observe U = {[i^]*;0 < i < p—1}. This proves formula ([5]). Let T = 
{hg{x) I X G Fp }, the torus of diagonal matrices in S. Let 6 : T ^ k^ he the character dehned 
by 9{hs{x)~^) = x^. Then we have an isomorphism of fc[5]-modules 


(ind^lfc) ^n{s,uh 

sending e (resp. /) to the element e (resp. f) of (ind^0)^ supported on TU (resp. supported 
on S — TU = TUngU) and with c(l) = 1 (resp. with f{ng) = 1). Indeed, in (ind^lfc) Mr 

we hnd 

x^'e = Th^(x){e) = hg{x)~^e, 
x^’f = 7ft4x)-i(/) = hg{x)f, 

whereas in ind^0 we find 

6{hg{x)~^)t{.) = e{hg{x)~^.) = e{.hg{x)~^) = (hg(x)~h)(.), 

9(hg(x)-^)f(.) = f(hg(x)-^.) = f(.hg(x)) = (hg(x)f)(.), 


and to see that the scaling factor is correct we compare formula ([5]) with (t^ ^e)(ns) = 

e(l) = 1. Now {e} U {Pn^e |0<i<p — l}isa A:-basis of ind^6l. Since we have (ngf)(l) = 
("(ug) = 1 = ^(7) but (Tu 5 c)( 1 ) = 0 for all ^ ^ 0, fornrula dZD follows. Next, / generates a 
/c[iS]-submodule isomorphic with Sym^A:^: we get formula Q. Finally, this A:[5]-submodule is in 
fact generated by Ugf even as a /c[A^]-module (Lemma 12.41) . i.e. it coincides with X^j>o 
and the quotient of (ind^l^) ®'}i(su)k submodule is isomorphic with Sym^“^“^A:^ as 

a A:[<S]-module. This shows formula ([8]). For the stated formulae in case r = p — 1 observe that 
/ + e generates the trivial one dimensional A:[5]-submodule, and dividing it out we are left with 
a copy of Sym^“^/c^. □ 
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3 Half trees in Bruhat Tits buildings 

Let G be the group of Qp-rational points of a Qp-split connected reductive group over Qp. Let 
Z denote the center of G. Fix a maximal split torus T in G, let N(T) be its normalizer in G. 
Let denote the set of roots of T. For a € let Na be the corresponding root subgroup in G. 
Choose a positive system in Let N = 006$+ 

Let X denote the semi simple Bruhat-Tits building of G, let A denote its apartment corre¬ 
sponding to T. Our notational and terminological convention is that the facets of A or X are 
closed in X (i.e. contain all their faces (the lower dimensional facets at their boundary)). A 
chamber is a facet of codimension 0 . For a chamber C in A let Iq be the Iwahori subgroup in 
G fixing G. Suppose we are given a semiinfinite chamber gallery 

( 11 ) g^^\g^^\g^^\g^^\... 

in A such that, setting 

iv« = led) n iv = n ic(i) n iv«, 

oe<i>+ 

we have 

(12) D D X® D X® D ... with [X® : = p for all i > 0. 

We write 

Xo = x(°\ C = i = ic = Icm. 

There is a unique sequence . in such that, setting 

e[i, a] = |{0 < j < f — 11 a = 

for f > 0 and a € we have 

( 13 ) XfS*) = n (Xonx,)^’^‘'’“'. 

aG<I>+ 

Geometrically, and share a common facet of codimension 1 contained in a wall which 

belongs to the translation class of walls corresponding to 

(z+l) (i) 

Lemma 3.1. Xq ' is a normal subgroup in Nq , for any i > 0. 

Proof: We claim that, more generally, for any inclusion Ui C U2 of open subgroups of X 
with \U2 : Ui] = p and with Ui = 006$+f = 1)2 we have: Ui is normal in U2- 
Indeed, there is a unique a G ‘h'*' with U2 H Ng = f 7 i fl Ng for all /3 / a. By standard facts 
on reductive groups, for u G Xq, and v G (any 7) the commutator uvu~^v~^ is a product of 
elements of the Ng with ft ^ a. The claim follows. □ 
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Definition: We define the half tree Y, endowed with an action by the group Nq, as follows. 
Both its set of vertices and its set Y^ of edges are identified with the set of chambers of X 
of the form n • for n G Nq and i > 0 . The iVo-action is the obvious one. Whenever we view 
the chamber of X as a vertex of Y we denote it by v^; whenever we view as an edge of 
Y we denote it by e*. The simplicial structure on Y is given by declaring that for n G Nq and 
i > 0 the edge n-Oj+i contains the two vertices n-Vj and n-Vj+i. An element in Y^ = Y^ — {eo} 
we also write as the unordered pair of vertices it contains, e.g. n • ej+i = {n • Vi,n • Vj+i}. In 
addition we have the edge eo of T: it contains only the vertex vq (hence is a ’loose’ end of Y) 
and is fixed by Nq. 

The half tree Y is obtained from Y by removing the edge eg. Thus, its set of vertices is 
yO _ q£ gg[ggg ig _ yi _ {eo}, and the simplicial structure is the one induced 

from Y. 

Remark: By definition, we have a natural bijection Y^ = to e* it assigns Vj, and more 
generally, to any edge its ’outward pointing’ vertex. Thus, instead of identifying Y^ with the 
set of chambers n • (with n G Nq and i > 0 ), one might just as well (or perhaps more 
appropriately) identify Y^ with the set of facets of codimension 1 in X shared by two chambers 
of the form n ■ . 


For V G let 

(14) ]v[ = {w G T° |{v,w} G and V G [w, Vo]} 

where [w, vq] C Y^ denotes the set of vertices the unique geodesic from w to vq in Y is passing 
through. 


Let X denote the Bruhat-Tits tree of PGL 2 (Qp). Let resp. denote the set of vertices, 
resp. the set of edges of X. Let Oq G denote the vertex fixed by PGL 2 (Zp). In GL 2 (Qp) we 
define the elements 


If = 


p 0 
0 1 


and the subgroups 


r = 



70 = 



rn = 


1 + pZp 0 
0 1 



1 

1 


^0 


1 Zp \ 

0 1 ;• 


For a let us write 7 (a) ~ ^ g 1 J ^ resp. v, is a topological generator 

of Fq, resp. of TIq. For r G N let (resp. [Tlo) ToJ; resp. [TIq, v?'", FJ) denote the 

submonoid {not. subgroup) of GL 2 (Qp) generated by the subgroup TIq and the element ip^ (resp. 
by the subgroups OIq and Fq and the element , resp. by the subgroups Tlo and F and the 
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element cp^). 


For i 7, we put dj = v^*(do) € and e* = {dj, dj_i} € We denote by X+ the half tree 
with sets of vertices, resp. edges, 

x°=]Jino-d„ x^ = ]Jino-e,. 

i>0 i>0 

Thus X+ is one of the halfs obtained by cutting X at the edge eo into two pieces, where by 
definition eo belongs to X+ as its only loose end (i.e. an edge containing only one vertex). 

The half tree X+ is obtained from X+ by removing the edge eo- Thus, its set of vertices is 
X*]_ = X)}_, its set of edges is X^ = X)^ — {eo}, and the simplicial structure is the one induced 
from X+. 

For d € X5|_ we put, similarly to definition (jl4p . 

]d[ = (id € X^ |{d, id} G X+and d € [td, do]}. 

Theorem 3.2. faj There exists an isomorphism of simplieial complexes 

0: y A X+ 

such that for all v G and all b G Z>o the composition of bijections 

(15) Iv[ A ]e(v)| y lF‘(e(v))| ]e->(^*(e{v)))| 

is induced by the action of some element g{v,b) of Nq. 

(b) Let (p G N{T) and r € N such that for all i > 0 . Then C Y\ 

and the isomorphism 0 and the g(y,b) in (a) can be chosen in a way such that 

(16) ip^ oQ = Q o (p 
and such that in G we have 

(17) g{p{w),p^)-p = p-g{-v,l). 

(c) Let T : Zp T be a homomorphism such that o r = id^x for all i > 0. Then there 
exists for each v G and each a € 7p some element /i(v, a) in Nq ■ T(a) which induces the 
composition of bijections 

(18) ]v| A ]e(v)| A l7(<i)(0(v))[ A ]e->(7(a)(e(v)))|. 

For a G N n Zp these hpv, a) can be chosen in a way such that in G we have 

(19) /^(^(v, l)v, a) ■ g{w, 1) = g{h{w, a)v, a) ■ /i(v, a). 

(d) Let p G N{T) be as in (b), let t : 7p ^ T be as in (c) such that for all a € 7p we have 
T{a)p = pT{a) in G. The isomorphism 0, the g{v, b) and the /i(v, a) can he ehosen in a way 
such that in G we have 

(20) h{p{v),a) ■ p = p ■ h{v,a). 
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Proof: (a) For any j > 0 we choose a topological generator Vj of N^(j) f] Nq = Zp. For 
m € Z>o we define the elements mo, mi, m 2 , • • • of {0,... — 1} to be the digits of m in its 
p-adic expansion, i.e. m = Ylj>o''^jP^■ W^e then define the element 


V(m) = 


■ ^i+1 


of A^o- We write [0,p*[= {m G Z>o | 0 < m < p*} for i > 0. An easy induction on i shows that 
{V(m) \ m G [0,p*[} is a set of representatives for the set of cosets Nq/Nq\ Since is the 
stabilizer of Vj in Nq it follows that the map 


/3y,j : [0,p*[—s^A^o-Vj, mi-^V(m)-Vi 


is bijective. On the other hand we have the bijection 

/3^+,i : [0,p*[— 

We put 

©i = f3x+,i o /3yj : A^o • Vi ^ ITIo • 0*. 

Taken for all i > 0 this is a bijection 0 : and is easily seen to define an isomorphism 

of simplicial complexes Y = X+. In the following, for z > 0 and m G Z we write /3x+,i(Ri) = 
Px+,iii^') and /3Y,i{'m) = j3Y^i{m') where m' G [0,p®[ is such that m — m' € p®Z. For m G [0,p*[ 
we find 

(21) ]/3y^i(m)[ = {/3y,i+i(m + pT) |0 < t <p-1}, 

(22) ]/3x+,ii^)i = {/3x+,i+i("r + pT) |0 < t <p-1}. 

For all b G Z>o we have v^{l3x+,i{™)) = I3x+,i{b + 'm) in TIq • tJj and 

i'^{l3x+,i+i{'m + pH)) = /3x+,i+i{b + m + pH) in OIo • dj+i 
for all 0 < t < p — 1. On the other hand, if for v = l3Y,ii'ixi) with m G [0,p*[ we put 

(23) g{v, b) = V(5 + m) • V(m)“^ G A^o 


then g{v,b) ■ l3Y,i{m) = PY,i{b + m) in Nq ■ Vj and 

p(v, b) ■ /3Y,i+i (m + pH) = f^Y^i+i {b + m+ pH) 
in A^o • Vi+i. To see this last equation we use Lemma [3Tl Together we obtain 

■ 0i+i(w) = 0 i+i( 5 f(v, b) ■ w) 


for all w G]v[, as desired. 

(b) For a chamber D contained in A let tth : X A denote the retraction from X to A 
centered at D, i.e. the unique polysimplicial map restricting to the identity on A and with 
7T]y^{D) = D. We have Y^ = A'o{C'^*^}i>o = ^*> 0 ) and hence 


ct>{Y^) = </>(7r-i({C«},>o)) = 7r-i„)({C«},>,) 


C 


Trc\{C^^}i>o) = Y\ 
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We also see that ({C'^*^}i>i)) is stable under (j){N^(j) nA^o)0~\ for 

any j > 0. Now cj) moves the wall containing fl to the one containing n 

(jd+r+i)^ therefore must be the stabilizer of n in either 

-^q(j+'') or ia -^_o0+'-) • I^rit the stabilizer of fl in N_^(j+r) does not stabilize 

vr“y^)({C^^*^}i>j+r). Thus 

(24) </.(iV„ 0 ) n iVo)0-i = {N^u+r) n . 

Now we refine the construction in (a) by choosing the vj more specifically. First we claim 

(25) e[r, + e[i, = e[i + r, 


for all i,j > 0. Indeed, the above discussion shows in particular that for all j,t > 0 we have 
OfiT = if and only if or in other words 

{0 < t < i - 11 = {0 < t < i - 11 = a^}. 


The set on the left hand side contains e[i + r, elements, as can be seen 

by performing the bijective shift t ^ t + r. The set on the right hand side contains e[i,a^^'^] 
elements. The claim follows. By formula (1241) we may choose the topological generators Vj of 
the N^(j) n Nq in such a way that 


(26) 


(pl'jCj) 




iO+'-)] 


for all j > 0. An induction using formulae (|25p and (|26p then shows 


(27) 


(j)V{m)4> ^ = V{mp^) 


for all m € Z>o. We claim that for alH > 0 we have 

(28) (j) O j3Y,i = l3Y,i+r ■ p'', 

(29) if" O Px+,i = /3x+,i+r • / 

(equality of maps [0,p®[-^ Nq ■ Vj+r resp. [0,p*[—>■ TIq • 0*+^). Indeed, formula (|28P follows from 
formula (l?7P and (/>(vi) = Vj+r, while formula ([2^ follows from = z/fo and (^'’(tJj) = di+r- 

Combining formulae ([28P and (f29P gives formula (fTBp . as desired. 

To prove formula (II7p we write v = /3y^j(m) with m G [0,p*[ as before. By formula p28p we 
have 0(v) = j3Y,i+r{p'''m) and hence g{(p{v),p'^) = V(p'’(m + 1)) • V(p^m)“^, while on the other 
hand we have 5 '(v, 1) = V(m + 1) • V(m)“^. Therefore it will be enough to prove 

(j)V{m + 1 ) • V(m)-= V(p''(m + 1 )) • V(p''m)-^ 

in Nq. But this follows from formula ^2711 applied to both m and m + 1. 

(c) Let us first remark that, since T(a) G T in fact belongs to the maximal compact subgroup 
of T fixing A pointwise, we have T{a)C^^'^ = i.e. T{a)wi = Vj for all i > 0. 
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We may and do assume that a € Z n . We write v = with m € [0,p*[ as before. 

We first claim that 


(30) 


0 ^ o 7 ( 0 ) o 0 = r(a) in Aut(]vj[). 


To see this observe (cf. formulae ([211) . (12^ 1 that 

]v4 = 

]0i[ = |0 < 6 <p-1}, 


„e[i,a 


(Ul 


and that the bijection 0 : ]vi[—sends (t'f ' ’ )^Vj+i to The hypothesis 0 ;^*^ or = 

id^x implies T{a)n = n°‘T{a) in G for all n € H A^o- Specifically, 




r(a). 


We thus get 


e[i.a(»)l . 

) Vi+i 



)')V(a)v,+i 



On the other hand we have 

7(a)(i.P‘)^,+i = {{uPyr^{a)^,+^ = {uPy%+i- 


Comparing these formulae we get our claim ([30]l . Now g{vi,am) resp. g(yi,m) induces 

0-loz.“™o0 : ]vi[ ^ ]0"'(^^“”*(e(v,)))[ 

resp. 0 -^ 01.^0 0 : ]vi[ ^ ] 0 "'(^^™(e(v,)))[ = ]v[. 

We may therefore rewrite the arrow (1181) as 

0 “^ o 7 (a) o 0 = 0“^ o 1 /“”^ o 7 (a) o 1 /“”^ o 0 

= 0 “^ o 1 /°’’^ o 7 (a) o 0 o g{'Vi,m)~^ 

= 0 “^ o 2 /“™ o 0 o T(a) o g{-Vi,m)~^ 

= g{vi,am) o T{a) o g{Yi,m)~^ 

where {%) uses formula (f30|) . Inserting formula (l23|) for g{vi,am) and g{vi,m) we find that the 
element 


(31) h{-v,a) =V{am) ■ T{a) ■V{m) ^ 

of G induces the arrow ([TH]) . It belongs to A'^o ■ T{a) because V{am) and V(m)“^ belong to Nq, 
and T(a) normalizes A^o- 
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To show formula (jl9p we write v = /3Y,i{'m) = 'V{m)vi with m € [0,p*[ as before. From 
g{'v, 1) = V(m + l)V(m)“^ we get g{v, l)v = (3Y,i{m + 1), from formula (f3T]l and T(a)vj = Vj 
we get h(v,a)v = /3y^j(am). Thus, inserting formula ([311) again, formula (fTOll reads 

V(a(m + 1)) • r(o) • V(m + 1)“^ • V(m + 1) • V(m)“^ 

=V(am + a) ■ V(am)“^ • SI {am) ■ T{a) ■ V(m)“^ 

which is obviously correct. 

(d) To show formula (l^Ul) for v = j3Y,i{m) we notice that (/)(v) = j3Y,i{p^m) by formula ([25|1 . 
Inserting formula (1311) for h{(p{v),a) and h{v,a) we see that formula (f20]l becomes 

V{ap^m) ■ T{a) ■ V{p^m)~^ ■ (j) = (j) ■ V{am) ■ T(a) ■ V(m)~^. 

That this is correct follows from formula (1271) . applied both on the left hand side and on the 
right hand side, and our assumption r(a)0 = 4>T{a). □ 

Remarks: Let Nq denote the subgroup of G generated by all the N^a) D A^o for j > 0. The 
proof of Theorem 13.21 shows that the elements g{'v^b) (resp. h{v,a)) of G in fact belong to Nq 
(resp. to the subgroup of G generated by Nq and T(a)). 

4 Coefficient systems on half trees 

Let T be a half tree with set of vertices and set of edges , as considered in section [3l 

Definition: (a) A (homological) coefficient system V in o-modules on T is a collection of 
o-modules V(r) for each simplex r of T, and a collection of o-linear transition maps : V(r) —>■ 
V(y) for each y G r € with y & t. The o-modules Ho{‘X,V) and Ri(T, V) are defined by 
the exact sequence 

0 ^ Ri(T, V) ^ 0 V(r) ^ 0 V(y) ^ Ro(T, V) ^ 0 

rexi 

where u G V(r) is sent to Ylyeio 

Morphisms of coefficient systems are defined in the obvious way. A sequence of coefficient 
systems 0 ^ Vi —>■ V 2 —>■ V 3 —>■ 0 is called exact if for any simplex r of T the sequence 
0 —>■ Vi(t) V 2 (t) —> V 3 (r) —>■ 0 is exact. 

(b) Let 77 be a monoid (with neutral element 1) acting on T. A coefficient system V on T 
is called 77-equivariant if in addition we are given an o-linear map gr ■ V(t) —> V{gT) for each 
simplex r and each g £ H, subject to the following conditions: 

(a) ghr o hr = {gh)r for simplices r and g,h £ H, 

(b) It- = idv(r) for simplices r, 

(c) ° gy = gr ° for y G and r G with y £ t, and g £ H. 
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We then we have a natural action of H on V) if (at least) one of the following conditions 

is satisfied: 

— T has no loose ends (to each edge two vertices are assigned), or 

— H acts by automorphisms of T. 


Lemma 4.1. (a) An exact sequence of coefficient systems in o-modules 0 —)• Vi —>■ V 2 —V 3 —>■ 0 
induces an exact sequence of 0 -modules 

0 ^ Fi(T, Vi) ^ i/i(T, V 2 ) ^ ^i(T, V 3 ) ^ Ho{%V 2 ) ^o(% V 3 ) ^ 0. 

(b) If the coefficient system V has injective transition maps Vy, then HifZ,V) = 0. 

Proof: Both statements are very easy to prove. □ 

Definition: We say that a A^o-equivariant (resp. fHo-equivariant) coefficient system V on P 
(resp. on j£_|_) is of level 1 if for any z > 0 the action of on V(vj) and the action of 

on V(ej) (resp. the action of OTq on V(t)i) and the action of 91 q on V(ei)) are trivial. 

We fix a gallery (jlip and choose an isomorphism 0:1"^ j£_|_ as in Theorem 1,1.21 

Theorem 4.2. Let V he a No-equivariant coefficient system of level 1 on Y. 

(a) The push forward 0*V ofV to T+ is in a natural way a Tlo-equivariant coefficient system 
of level 1 on T+. 

(b) Let (p G N{T) and r £ N be as in Theorem \3.lY b). If the action of Nq on V extends to 

an action of the submonoid of G generated by Nq and the element f, then 0*V is in a natural 
way \-equivariant. 

(c) Let (j) G dI(T), r € N and t : hp ^ T be as in Theorem \3.^ d). If the action of Nq on 
V extends to an action of the submonoid of G generated by Nq, by the image of t and by the 
element f, then 0*V is in a natural way fJlQ, ,T \-equivariant. 

(d) In (a), resp. (b), resp. (c), the isomorphism class o/ffo(^+) 0*V), as an o-module acted 
on by the respective monoid, depends on the choice of m alone, resp. of m and f alone, 
resp. of 071) and f and r alone, but not on the choice o/ 0 . 

Proof: (a) Let g G fTo and 0 G As fTo is topologically generated by u we find, by 
Theorem 13.2f ai. some g' G Nq which induces the bijection 

( 32 ) ]e->(0)[ A ]o| A ]<,o| A ]e->(90)[. 

We define g„ : 0*V(t)) ^ Q^V{g^) to be the map 

50 = 0 offe-io o 0”^ : 0*V(o )—> G^V{G{g'Q~^{v))) = e^V{gv). 

This definition is independent on the choice of g' . Indeed, let also g" G Nq induce the bijection 
(j32l) . Then g'~^g" belongs to the pointwise stabilizer H of ]0 ~^(d)[ in Nq. But the action of 
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H on V(0~^t)) is trivial. To see this we may assume, by A^o-equivariance of V, that 0“^t) = Vj 
for some i. Then H = and this indeed acts trivially on V(0 “^d) = V(vj) by the level 

1 assumption. Therefore g' and g" = g'{g'~^g") give the same map V(0 ~^d) —?• V(g'0~^D). It 
follows that g„ as defined above is well defined. 

Now let 5 G DTo and e G X5,_. Choose some g' G Nq with g'{Q~^{t)) = 0 “^( 5 (e)) and define 
: 0*V(e) —)• 0*V(ge) to be the map 

5c = 0 offe-ie o 0"^ : 0*V(e)—^ 0*V(0(c?'0"nO)) = 0*V(5e). 

Again this definition is independent on the choice of g'. The definitions immediately show that 
we have defined an Tto-a-ction on 0 *V which is again of level 1 . 

(b) By formula (1161) . the (^-action on V induces a (^'’-action on 0*V. It follows from formula 

m — which corresponds to the formula ■ v in [TIq, \ — that the actions of fTo 

and ip'^ merge as desired. 

(c) Let a £ 'Lp and 0 G We define 7 ( 0)0 : 0*V(o) —)• 0 *V( 7 (a)t)) to be the map 
7 ( 0)0 = 0 o 50-ij, o 0“^ where g' is some element of Nq ■ T{a) which induces the arrow 

( 33 ) le->(t,)[ A ]t>| |7(a)t,[ 57 ]e->(7{a)o)[. 

Such a g' does exist, by Theorem [321(c). As in the proof of (a) we see that 7 ( 0)0 does not depend 
on the choice of g' £ Nq ■ T{a) (i.e. on its left hand factor g' ■ r(a)“^ G Aq, as long as the arrow 
([33|) is induced as indicated). 

Similarly, for e G and o G choose some g' £ Nq ■ T{a) with g'{Q~^{z)) = 0 “^( 7 (o)(e)) 
and define 7 (o)c : 0*V(e) —)• 0 *V( 7 (o)e) to be the map 7 (o)c = 0 o o 0“^. Again this is 
independent on the choice of g'. 

We have defined an action of T on 0*V (notice that Nq ■ T{a) ■ Nq ■ T{a') = Nq ■ T{aa') for 
o, a' £ Zp ). It follows from formula (I20p — which corresponds to the formula - 7 ( 0 ) 

in [fllo, LJ — and from formula (|19p — which corresponds to the formula 7 ( 0 ) ■ v = ■ 7 (a) 

in [Tto, 95 ^, TJ — that the actions of [Tto, and of T merge as desired. 

(d) Let S : y —)> X+ be another choice. The automorphism A = 0 o of X+ is covered 

by the isomorphism —>■ 0 *V which on facets a of X+ is given by the identity maps 

(“*V)(a) = V(“-V) = V(0-^Aa) = (0*V)(Acj). 

It induces a canonical isomorphism iLo(X+,H*V) —>• Lfo(X+,0*V). That it commutes with the 
actions of fTo (resp. of pf, resp. of T) is a tautological consequence of the definition of these 
actions. □ 

Remark: Theorem 13.21 and then Theorem 14.21 correspondingly, hold true if the topological 
generator u of Tlo is replaced by any other topological generator of fTo- In general, this choice 
does affect the isomorphism class of Ro(X+, 0 *V) as a [DIo; resp. [DIo) TJ-representation 
(but not as a Dlo-representation). 
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Remark: Let Nq denote the subgroup of G generated by all the iV^o) H Nq for j > 0. By 
the remark following Theorem 13.21 we see that Theorem 14.21 may be sharpened as follows: to 
obtain a fTo-action on 0*V we do not need a level 1-action of the full group Nq on V but only 
a level 1 -action (same definition) of Nq, similarly for resp. [TIq, 9 ?^, LJ-actions. 


Remark: It is straightforward to generalize Theorem 13.21 (c) and (d) as follows. In the 
setting of Theorem 13.21 (a) let r : T he a homomorphism such that there is some tc G N 

with o T = id^x for all i > 0. Then there exists for each v G and each a G Z^ some 
element h{v, a) in A^o • 7'(®) which induces the composition of bijections 


0 


]0(v)[ 


7 ( 0 : 


] 7 (a)-( 0 (v))[ 


0 - 


]0-^7(«r(e(v)))[. 


For a G N n Z^ these h{v, a) can be chosen in a way such that in G we have 

l)v, a) • 5 r(v, 1) = g{h{Y, a)v, a^) ■ /i(v, a). 


Moreover, if 0 G N{T) is as in Theorem 13.21 (bl such that for all a G Z^ we have T{a)(f) = 4>T{a) 
in G, then, as before, we can achieve h{(l){v),a) ■ cf) = cf) ■ h{v,a). Given this setting, Theorem 
lO (c) can be generalized as follows. If the action of Nq on V extends to an action of the 
submonoid of G generated by by the image of r and by 4>, then 0*V is in a natural way 
both [fho) 0 ^j-equivariant and T-equivariant, such that 

7 (a) ■ = Lp^ ■ 7 (a) and 7 (a) ■ u = ■ 7 (a) 


as endomorphisms of 0*V. Therefore, if in addition r(a) acts trivially on V for all a G Z^ with 
a"' = 1 , then by extracting rc-th roots of the above 7 (a)-operators we obtain an action of the 
submonoid of [fHo, 0 ^, FJ generated by f)Io, by and by F"' = {y"' | 7 G F}. 


Definition: Let m > 1, let V be a Tto-equivariant coefficient system in Om-modules on 

(1) We say that V is strictly of level 1 over k if the Om-action factors through k and if the 
following conditions (a), (b) and (c) are satisfied: 

(a) All transition maps : V(r) — >• V(y) for y G X)|_, r G with y G r are injective; in the 
following we view them as inclusions. 

(b) For all i > 0 we have 

(34) V(t)i)=<-V(ei+i), 

i.e. as a f)Ig -representation, V(t)j) is generated by V(ej+i), and 

(35) v(c,) = v(x,i)<, 

i.e. V{ci) is the submodule of iHg -invariants in V( 0 i). 

(c) The number dimfc(V(ej)) is finite and independent of i > 0. 

(2) We say that V is strictly of level 1 if it admits a finite filtration such that all the 
subquotiens are strictly of level I over k. 
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Theorem 4.3. Let V be an ^o-equivariant coefficient system in Om-modules on which is 
strictly of level 1. We have a natural isomorphism 


V{to) ^ Ho{X+,Vf°. 


Proof: (i) Suppose first that V is strictly of level 1 over k. We have canonical isomorphisms 
of UTo-representations 


(36) 


0 V(n-t)i) ^ind^°,V(t)i), 


(37) 0 V(n-e,)-ind^PV(e,). 

By formula (1351) the transition map V(eo) —> V(t)o) is an isomorphism between V(eo) and V(t)o)^°. 
Hence we need to show that the natural map V(t)o)^° —^ i7o(^+5 V)^° is an isomorphism. The 
injectivity even of V(tio) —>■ Hq{X^,V) follows from the injectivity of all the transition maps of 
V. Next, Lemma l4.ll (which of course relies on the same argument) shows the exactness of the 
sequence 

0 ^ 0 ^ 0 ^ ^o(^+, V) ^ 0. 


rGXi 




Looking at the long exact cohomology sequence obtained by applying the group cohomology 
functor •) we see that it is now enough to prove that the natural map 


(38) 


0 V(r))^o 0 V(t)o)'”° ^ ( 0 Viy)) 


9^0 


rSX 4 




is bijective and that the natural map 


(39) 


^'(^0, 0 V(r)) ^ 0 V(y)) 


rGXi 




is injective. We recognize the map (|38l) as the natural map 

(40) (0 V(r))^°^(0 V(y))'^°. 

In view of the isomorphisms (|36l) . (I37p and Shapiro’s Lemma, we may rewrite it as 

0V(ti)< ^0V(Di)< 


j>0 


i>0 


(with V(eo)^o mapping to V(Oo)^o and with V(ej)^o for i > 1 mapping to both V(Oj)^o and 

i —1 

V(t)j_i)^o ). Since by hypothesis all the maps 


V(ei)^o = Via) V( 0 i)'-’'S 


9T?; 
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are bijective we have proven the bijectivity of the map (I38p . Similarly as with the map (|40ll we 
proceed with the map (j39p : we use Shapiro’s Lemma to rewrite it as 


N T f ■V 

0V(e,+i)) ^ 0 

i>0 ^0 i>0 

To see its injectivity it is enough to show that the maps 

mP* 

TIq 

are injective for all i > 0. But in view of our hypotheses on V this follows from Lemma 12.11 
applied to TIq = Zp acting through its quotient TIq /94q = Fp on V(di). 

(ii) For general V strictly of level 1 we argue by induction on the minimal length of a filtration 
with subquotients strictly of level 1 over k. Consider an exact sequence O^Vi—>'V 2 —tO 
where Vi and V 2 are strictly of level 1 and different from V. The strict level 1 property of V 2 
implies that V 2 has injective transition maps. By Lemma l4.ll we obtain the exactness of 

(41) 0 ^ Fo(X+, Vi) ^ Ho(X+,V) Ho{T+, V 2 ) ^ 0. 

It follows that in the commutative diagram 

0-- Vi(eo)-- V(eo)-- V 2 (eo)-- 0 

0-- Ho{X+, Vi)^«-- Ho{X+,V)'^° -- Ho{X+, 

the bottom sequence is exact. For the top sequence this is obvious. The outer vertical arrows 
are bijective by induction hypothesis. Hence the middle vertical arrow is bijective. □ 


Proposition 4.4. Let r G N, let V be a \-equivariant coefficient system on whose 

^Q-action is of level 1. The [Tloj \-action on V naturally extends to a [TIq) CoJ -action such 
that Fq acts trivially on V(eo). 

Proof: The action of Fq on respects the orbits Olo ■ Di for all i > 0. On such an orbit 
Tto • di it is described by the formula 

(42) 7o(i^"(d.)) = i^(^+')"(d.) 

for all n > 0 . Applied to the elements of 

= K+*^*(d,+i)|o<t<p}, 

formula (142]) (with i + 1 instead of i) shows that the restrictions of 70 and to the subset 
]i/"'(tij)[ of Tlo ■ dj+i coincide, because {p + l)(n + tp^) = pn -\- n-\-tp^ modulo Thus we 
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obtain that for all j & 'll and all 0 E there is some /? E iJlo such that the restrictions of 7 q 
and fj to the subset ]o[ of coincide. Therefore, if we define the map 

7 ^,„:V( 0 )^V( 7 ^( 0 )) 

as the map Pv '■ h’(t)) —>■ V(/3(d)) = V( 7 o(d)) then, arguing as in the proof of Theorem 14.21 we 
see that by the level 1 property of V this definition is indepedent on the choice of /3. In the same 
way we define maps 7q ^ : V(e) — > V(7q(c)) for e E We have defined an action of Tq on V. 

Now let again (some n > 0, some i > 0) be an arbitrary element of Let x E 

V(z^”'( 0 j)). We compute (dropping the names of vertices in subscripts) 

7o(^^(x)) = uP+\uP^{x)) 

where in (i) we used that 70 and coincide on ]z^”^^(dj)[ whereas in {ii) we used that 70 

and coincide on ]z^”'(di)[. Similarly we compute 

7 o(¥^^(x)) ip^i^oix)) 

where in (i) we used that 70 and coincide on ]i/P^"'(dj+,.)[ whereas in (ii) we used that 

7 o and coincide on ]i/"'(tij)[. A similar computation can be done on the values of V at all 
e E X),_. We have shown 

(43) 7 o o (^'' = 99 '’ o 7 o and 70 o z/ = i/P~^^ o jq 

as endomorphisms of V. This means that the actions of [illo, pi\ and of Tq merge to an action 
of Lino,v^^^oJ on V. □ 


5 Pro-]? Iwahori-Hecke modules and coefficient systems 

Let Iq denote the maximal pro-p subgroup in I. Let ind^lp denote the o-module of 0 -valued 
compactly supported functions f on G such that f{ig) = f{g) for all <7 E G, all i E /q- It is a 
G-representation by means of {g' f){g) = f{gg') for g,g' E G. Let 

7](G,/o) = Endo[G](indf„lo)°P 

denote the corresponding pro-p-Iwahori Hecke algebra with coefficients in 0 . Then ind^lf, is 
naturally a right 'H{G, /o)-module. For a subset Lf of G let xh denote the characteristic function 
of H. For 5 E G let Tg E 'H{G, Iq) denote the Hecke operator corresponding to the double coset 
loglo- It sends / : G ^ 0 to 

Tgif) : G —^ 0 , ^ Xlogloihx~^)f{x). 

x£lo\G 
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In particular we have 

(44) 7;(x/o) = Xiog = 9~^Xlo if 5-^0 = Io9- 

For any facet F" of X let Iq denote the ’pro-unipotent radical’ of the stabilizer of F. More 
precisely, following [12] section 3 (where instead the notation Ip is used), Iq consists of all 
g € G^{Zp) mapping to the unipotent radical in G^. Here Gi;’ is the smooth affine Zp-group 
scheme whose general fibre is (the reductive Qp-group scheme underlying) G and such that 
Gir(Zp) is the pointwise stabilizer of the preimage of F in the enlarged building of G. For 
example, Iq = Iq . Since Fi C F2 implies Iq^ C Iq'^ the assignment F 1— (ind^lo)^^ is a 
G-equivariant coefficient system on X. Since the right action of 'H{G,Io) on ind^lo commutes 
with the left G-action this is, in fact, also a coefficient system of right ?^(G, Io)-™odules. Given 
a left 'H{G, /o)-module M we therefore obtain a new G-equivariant coefficient system on X 
by putting 

Vm(^) = (indf.lo)^'^ ®n{G,io) 

In fact we will only be interested in the restriction of to facets of codimension 0 and 1. We 
may regard the restriction of to H as a coefficient system Vm on Y. To be explicit, for 
n E Nq, z > 0, to the vertex n ■ Vj, resp. the edge n ■ e,, of Y, we assign the codimension-1-facet, 
resp. codimension-0-facet, 

r 7 °(n • Vj) = nG^*^ n nG^*''“^\ resp. {n ■ e^) = nG'^^\ 

of X. Both rj^ and are injective mappings, equivariant under all sub monoids of G which 
respect Y, and respects facet inclusions. We now put 

Vm(v) = Vm(??°(v)), resp. VM(e) = 

for V E Y^, resp. e E This defines a coefficient system Vm on Y, equivariant under all sub 
monoids of G which respect Y. 

It is clear that all these constructions are covariantly functorial in M. 

For m > 1 let us write 'H{G,Io)o^ = Ii{G,Io) ®o Om- We denote by Mod®'^(?^(G, Io)o„i) the 
category of ^(G,/o)om"Modules which are finitely generated as Om-modules. 

We fix a gallery (Hip and choose an isomorphism 0:1"^ as in Theorem 13.21 

Let T be a codimension-1-face of G. There is a unique quotient S of Iq which is isomorphic 
with either SL 2 (Fp) or PSL 2 (Fp). The image of Iq in S is the unipotent radical of a Borel 
subgroup in S. 

Proposition 5.1. (a) 0*Vm is in a natural way a ^q- equivariant coefficient system of level 1 
on j£+. 
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(b) For any left-'H{G,lQ)o^-module M the Hecke algebra FL{S,U) = End^jjj(ind^lo)°P nat¬ 
urally acts on M , and we have natural isomorphisms M = V^(C') and 

(45) ind^lo 

such that the transition map V^{C) V^{F) gets identified with the natural map 

(46) M ind^lo M. 

(c) If M G Mod®“('H(G,/o)om) ihen 0*Vm is strictly of level 1. 

(d) If 0 ^ Ml —>■ M —>■ M 2 0 is an exact sequence of'H{G, Io)o^-modules for some m € N 
then the induced sequence 0 —)> 0*Vmi —>■ 0*Vm —>■ 0 *Vm 2 —>■ 0 is exact. 

Proof: (a) This follows from Theorem IMl 

(b) For a facet D of X let Jd denote the stabilizer of D in G. Put 

Tip = Endo[j^](ind/^^lo)°P. 

As Iq C Jf we have natural embeddings 

ind^lo = ind^° Ip ^ ind/^lo ^ ind^lo- 
Thus Frobenius reciprocity provides inclusions of Hecke algebras 

11(8,11) cUfC n{G,Io). 

We obtain a natural map 

(47) ind|lo M —ind/^lp M. 

The elements of Jc normalize Iq, hence we have the group homomorphism Jc —> 'H{G,Iq)^, 
g 1 -^ Tg-i, into the group 77(G, Iq)^ of invertible elements of 'H{G, Iq). [Indeed, for gi,g 2 G Jc we 
form the composition Tg^ oTg^ in Endo[G](ind^lp) and compute {Tg^ °Tg 2 )ixio) = ^ 9 i(x/o 52 ) = 
79i(5'2’^X/o) = 5'2’^^9i(x/o) = al^Xlogi = 92^9i^Xlo = Xlogig 2 -] Similarly we have a homomor¬ 
phism Jc n Jf — ^ Hf- '^C' 0 Jf and Iq together generate Jp and as their intersection is Iq 
we deduce that the map (1471) is an isomorphism. But also the map 

(48) (indj’lo) 77 (G,Io)o„ —^ (indf^lo„)^o', f0h^ h{f) 

is an isomorphism. This is proven in Lemma S.ll.i and section 4.9 of [12] in the setting where the 
coefficient ring is a field (instead of our Om)- However, the proof given in loc. cit. for coefficient 
fields of characteristic p also applies to the coefficient ring Om- Composing the isomorphism 
(147|) with the isomorphism obtained from applying (.) ®'h[g,Io)o ^ (H8l) we obtain the desired 

isomorphism ([45]) . 0n the other hand, as Iq = Iq we have 'H{G,Iq) = (ind^lo)^^ and hence 
M = V^(C') naturally. By construction, the transition map V^(C') V^{F) gets identified 

with the map (1461) . 
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(c) By Lemma [23] the map (HUj) is an isomorphism between M and (ind^lp ®y^(su) ^)^■ 

In other words, M is the submodule of lo-invariants in the /(f-representation V^{F). By G- 
equivariance of we deduce property ([35|) for 0 *Vm- Similarly, Lemma (231 ensures property 
([M|) for 0 *Vm- All this applies of course similarly to the subquotients of M with respect to the 
filtration {p®M}j>o. The other properties required for being strictly of level 1 are clear. 

(d) The exactness at any edge of (which corresponds to a chamber of Y) follows im¬ 

mediately from the definitions. To prove exactness at any vertex of T+ it is enough, by G- 
equivariance, to prove exactness of 0 —)■ V^^(F) ^ V^{F) V^^{F) —)■ 0 for all codimension- 

1-faces F of C. From what we learned in the proof of (b) and (c) we see that here we need to 
prove exactness of 

0 —^ ind^lo^ (g) Ml —^ ind|-lo„ (g) M —^ind|-lo^ (g) M 2 —^0 

where all tensor products are taken over 7i{S,U)o^ = Endj,^j; 5 j(ind^lo„)°P. This exactness 
follows from the flatness of ind^lp^ over T-L{S,U)o^, Lemma [231 □ 

Remark: An alternative description of (which we do not need), at least when restricted 
to facets of codimension 0 and 1, and hence of Vm can be given if M is realized inside a smooth 
G-representation V. Recall that for such V the submodule of Jo-invariants is in a natural 
way a (left) module over ■H(G, Jq). Let M be an J{(G, Jo)-sub module of For any facet D 
of X we let 

^(v,m)^D) = ^ gM 

geo 

gCDD 

(sum inside V). This defines a G-equivariant coefficient system on X. If M G Mod^'^(J^(G, Jo)om) 

for some m > 1 then there is a natural G-equivariant morphism —)• which, at least 

when restricted to facets of codimension 0 and 1, is an isomorphim. To see this one can use 
arguments from the proof of Propostition 15.11 (the starting point is to see, using Lemmata 12.21 
and 1231 that for any codimension-1-face F of G with corresponding subgroup Iq of G we have 
= M). 

6 r)-modules 

6.1 (?/)^, r)-modules and ((/?'”, r)-modules 

Let Oy = o[[f)lo]] denote the completed group ring of iRo over 0 . Let Os denote the p-adic 
completion of the localization of with respect to the complement of irKOy. 

Let ip^+ denote the endomorphism of induced by the endomorphism n 1 —>■ (pnip~^ of 
Tto- Let (fOe denote the endomorphism of Os induced from by functoriality. As an 0 - 
module, Os decomposes as Os = im((pc)g) © (TIq — TtQ)im((pc)g) (notice that = ^o)- 

We denote by the o-linear endomorphism of Os with o = id and with kernel 
]^elc{^pOs) — ~ i^o)i™(<pc)£)- Similarly (or simply by restriction) we define the o-linear 
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endomorphism of The conjugation action (7, n) i-)- 777,7 ^ of T on TIq induces an 

action (7, a) !->■ 7 • a of T on and on O^. 

On k+ = fe[[ino]] = 0+ (8)0 A; we have the (/9-operator (/9^+ = k, the V’-operator 

'^u+ = V’r)+ k and the induced action of T, and similarly on k^ = Os k. 


Let r G N. We need the non-commutative polynomial ring + ] over Ot in which rela- 


tions are as imposed by multiplication in GL2(Qp) (i.e. • [77] = •(/9^^+ for 77 G 9 To) and the 


o; 


twisted group ring Og [(/ 9 ^+,r] over Og [99^^+], again with relations as imposed by multiplication 


o 


in GL2(Qp). (he. for 7 G L and n G UIq we have (/9^ . ■7 = 7- tp^ , and 7 • [77] = [7777 • 7. 

Specihcally, for a € hp , setting t = [ly] — 1 we have 7(a) ■ t = {{t + 1)“ — 1) ■ 7(a).) Similarly 
we define 0 £[ipQ^] and as well as [(/ 9 ^+] and A;^[(/9^+,r] (equivalently, OsYp^q^] = 

O^ [V^^+] ®o+ \-‘^ 0 £ > r] = Of , r] Os as well as k^ [p^^+] = O^ [p^^+] 0^ k and 

ktYp'[+,T] = Ot^p'^ + ,T] 00 k). We will often just write ktlp"^] and kt[p'^, L], and also drop the 
exponent r in case r = 1. 


Definition: (a) An etale ((/9'’,r)-module over Os is a module D over Os[<p'q^,^], finitely 
generated as a module over Os and such that the structure map p'^ is etale, i.e. p'^ is injective 
and satisfies D = situation there is a unique o-linear endomorphism 

7 /)^ of D with o (/9q = ido and with kernel ^ ((/9'', r)-module 

over ks is an etale ((/9'’, r)-module over Os whose Of-action factors through the quotient ks of 

o^. 

(b) Similarly we define etale ((/9’', Toj-modules over Of and over ks- 

Definition: A r)-module over k'^ is a finitely generated free A:^-module together 
with a A;-linear endomorphism 7 /)^# satisfying (< 7 ^^+('a)x) = a7/7^j(^) a continuous semi- 
linear action of L that commutes with . 

It is called non degenerate if ker(7/7^j) contains no non zero A;^-sub module. 

• Let D'^ be a (t/)'", r)-module over k'^. Viewing D'^ as a linearly compact A:-vector space we 

endow the topological dual {D'^)* = Hom^*(Df*, k) with the structure of a A:^-module by setting 
{a-£){x) = i{a-x) for £ G {D'^)*, x & and a G fc+i Notice that (D^)* is a torsion A:^-module. 
We define a A:-linear endomorphism on (D^)* through (<79^£,tt)*(f’))(a:) = £(7/7^j(^)) an 

action by L through (7(t'))(x) = £{'y~^{x)). One checks that this dehnes on {D'^)* the structure 
of a module over k'^[p'' ,T]. 

• Let D'^ be a ( 7 /i^, r)-module over kg which is non degenerate and such that is surjective. 
Then D = D** 0^+ ks carries a unique structure of a ((/9'’, r)-module over ks compatible with 
the ( 7 / 7 '’,r)-structure on (i.e. the T-actions coincide, and extends T/^bj). For r = 1 this is 

^We choose not to use the involution on induced by inversion in iifo when dehning the -action on the 
dual, taking advantage of the commutativity of Dto. 
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well known [for the uniqueness one may use Proposition II.3.4(ii) of [1]; see also [13] Proposition 
3.3.24.]. For general r > 1 the proofs are the same. (For the (■0^,F)-modules met later on in 
this paper, the corresponding (y?'’, F)-modules over % come along simultaneously and explicitly, 
see section E) 

Let GalQp = Gal(Qp^®/Qp) denote the absolute Galois group of Qp. 

Theorem 6.1. (Fontaine) There is an equivalence functor D i—VF(D) from the category of 
{ip,T)-modules over to the category of finite dimensional (smooth) k-representations o/GuIq^. 

Proof: This is shown in [7j, for a brief account see |2| Theorem 2.1.2. □ 

Let Iqp denote the inertia subgroup of GuIq^. For m > 0 let oJm+i '■ —>■ denote 

the fundamental character of level m + 1. It is given by the formula oJm+iig) = g{T^m+i)/T^m+i 
where TTm+i G Qp is chosen such that = —p. We denote by uj the cyclotomic character 

modulo p of GalQp. 

For 0 < /i < — 1 let ind(a;(]j^^) be the (m + l)-dimensional GalQ^-representation over k 

with det(ind(a;(]j_,_]^)) = and ind(a;(]j_,_]^)|iQ^ = described in |2]. For fi € let 

pLjS denote the unique unramified (i.e. trivial on Xq^) character of GalQ^ sending the geometric 
Frobenius (i.e. lifting x !->■ x~P) to fi. If G k^ then ind(u;(]j^;^) (8) pg is defined over k. 

One says that an integer 1 < h < — 2 is primitive (with respect to m + 1) if there is 

no n < m + 1 dividing m + 1 such that h is a multiple of (p”^+^ — l)/(p” — 1). If /i is primitive 
then ind(a;(]j_,_]^) is absolutely irreducible. For all this see [2] section 2.1. 

6.2 Standard cyclic Fj-modules 

We put t = [z^j — 1 G = A:[[*Jlo]]. This is a uniformizer in the complete discrete valuation ring 
kg , thus kg = A:[[t]] and kp = k{{t)). 

We often identify elements of with their Teichmiiller lifting in Zp . In particular, for 
X G Fp we may consider the element 7 (x) G F. 

Definition: (a) We say that a A:^[(/j'’]-module H is standard cyclic of perimeter m + 1 G N 
if it is generated by ker(f|/f) = if it is a torsion A:^-module and if there are a A:-basis 

eo,..., Cm of ker(t|j 7 ), integers 0 < A:o,..., A;^ < p'" — 1 and units go, ■ ■ ■, Qm ^ with 

t Ci—l — QiCi 


for all 0 < f < m. Here and below we extend the indexing of the Ajj, e^, by i G {0,... , m} to 
an indexing by f G Z such that ki = h+rn+i, O = ei+^+i, Qi = Qi+m+i- 

(b) We say that a A:^ F]-module H is standard cyclic of perimeter m -|- 1 G N if it is 
standard cyclic of perimeter m -|- 1 as a A;^ [(/?'’]-module, in such a way that all the above e* can 
be chosen as eigenvectors for the action of F, with eigenvalues in k^. 
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(c) Giving H the discrete topology, we endow the topological dual H* = Hom^*(//,/c) with 
the structure of a fc^-module by setting (a • £){x) = £{a ■ x) for £ G H*, x ^ H and a G kg . We 
define a /c-linear endomorphism on H* through {'ipH*i£)){x) = £{ip'’{x)) and an action by F 
through ( 7 (£))(x) = £{'y~^{x)). 


Proposition 6.2. (a) If ki > 0 for at least one 0 < i < m then H* is a non degenerate 

,T)-module over kg with surjective operator free of rank m + 1 as a kg -module. 

(b) Suppose that for any 1 < j < m there is some 0 < i < m with ki ^ ki+j. Then H is 
irreducible as a kg [ip^]-module. 

(e) For 0 < i < m let Pi : T ^ k^ be the charaeter with 'yci = Pi{'y)ei for all 7 G F. Suppose 
that for any 1 < j < m which satisfies ki = ki+j for all 0 < i < m there is some 0 < i < m with 
Pi 7 ^ Pi+j. Then H is irredueible as a kg[gf ,T]-module. 

(d) If ki = 0 for all 0 < i < m then t = 0 on H, and cq, ... ,em is a k-basis of H. 

Proof: Statement (d) is clear. We prove statement (a). 

Claim: The action of t on Ff is surjective. 

For any x G iF we need to find some y ^ H with ty = x. As ker(t|j 7 ) generates H we 
may assume, by additivity, that x = ■ ■ ■ C-ip^’^'iCi for some 0 < i < d, some I > 0 , some 

'n-j,n'j > 0. Using gft = t^"^gf we rewrite this as x = Ci (some n,n' >0). If n > 1 we are 

done. Otherwise we put Wi = ki +p’’/cj_i + ... +p^*A:o + ■ ■ ■ +p’’™'A:j+i and substitute 

^wii^r(m+i) ^i £qj, — up to a scalar in these are the same, as follows from gft = 1^""gf. We 
use gft = gf again to rewrite the result as x = Ci for some new n, n' > 0. Now we have 

n > 1 because Wi > 1 for any i, as follows from the hypothesis that fc* > 0 for at least one i. 
The claim is proven. 

Let i G H*, £ ^ 0. Choose x G iF with £(x) / 0. By the above claim (iterated n times) we 
find for any n > 0 some y £ H with Cy = x, hence {C£){y) = £{Cy) = £{x) ^ 0 , hence C£ 7 ^ 0 . 
It follows that H* is a torsion free /c^-module. On the other hand, we know H* ( 8 )^+ k (with 
t I—> 0) because this is dual to ker{t\H). In view of Nakayama’s Lemma we obtain that H* is 
kg-bee of rank m + 1 . 

Now g:^ is injective on FF [as ip'^t = 1^"^g^'' we have t ■ ker((/ 9 '’) C ker((^^), thus if we had 
ker((^'’) 7 ^ 0 then also ker((^'’) 0 ker(t) 7 ^ 0 , but this is false], hence is surjective; similarly, 
kei{'ip'fj,) contains no non zero kg-sub module. 

(b) Let 0 7 ^ Z C FF be a non zero /c^[ 99 '’]-sub module. As FF is a torsion /c^-module so is Z, 
hence ker(t|^) is non zero. Let us put 

p{z) = p{ E XiCi) = max{A:j j 0 < i < m, Xj 7 ^ 0 } 

0<i<m 

for non zero elements z = ^ ker(t|^) (with Xj G k). For such 0 7 ^ z G ker(t|^) 

let us put A(z) = gZz. This is again an element in ker(t|^) (as Z is stable under t and 

99 ^); moreover A(z) 7 ^ 0. We apply A repeatedly: The hypothesis shows that for sufficiently 
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large n > 0 we have A"'(z) E • e* for some 0 < i < m. But then we further see that 
E ■ Ci-^j for all j > 0. It follows that Z contains all the e*, hence Z = H as the Cj 
generate the A:^[(^'']-module H. 

(c) Let 0 7^ Z C LI be a non zero r]-sub module. If H is not already irreducible as a 

/sg [(/?'’]-module then, by the proof of (b), there is some 0 z £ keT:{t\z) such that for all n > 0, 
if we write K^{z) = X^o<i<m then the number |{i | Xi^n 7^ 0}| is larger than 1 and indepen¬ 
dent on n. Thus Xi^ / 0 and 7^ 0 for some i,j, and this j violates the hypothesis in (b). 

By the hypothesis in (c), replacing z by A”(z) for a suitable n (and replacing i by i + n) we may 
assume that r/j ^ Vi+j- This allows us to produce a non-zero element J2o<i<niyi^i ™ ker(t|^) 
such that |{* I yi 7^ 0}| < |{i | Xi^ / 0}|. Proceeding by induction we obtain that e* E ker(t|^) 
for some 0 < i < m and hence, as in (b), that Z = H. □ 


For 0 < j < m let = p'' — 1 — k^+i-j and 

Wj = ki+ p^kj-i -I-... -I- p^^ko + + ... + p'^^kj+i. 

Let /iQ = 0 and for 1 < j < m -|- 1 let hj = im+i+i-jp''’'■ Let g = W^qQi, then 

£qj, all 0 < i < m (use = fP""p^). 

Lemma 6.3. (a) There is some 0 < s < p — 2 such that 7(x)ej = for all x £ ¥p , all 

0 < i < m. 

(b) h = hm+i/{p — 1) is an integer. 

Proof: (a) For a £ NFlZ^ we formally compute [z/]“ — 1 = J 2 j=i (^(M “ = ^j=i 

thus 7(a)t7(a“^) — at = {[vf — ¥) — at £ t^k'^ and therefore also 

(49) 7(a)fS(a"^) - ah'" e 


for all k £ Z>o. For 0 < i < m let n* E Z such that 'y{a)ei = a^'Ci for all a E N fl Z^ . Now let 
1 < i < m. Then 




QioJ^'ei = Qa{a)ei = 'y{a)Qiei = 'y{a)t ‘p'^ei-i = rV’’« *7(o)ei_i = t ^p^a 


— +h,„rki+ni.i 


Cj-l 


where in (i) we used formula (|4^ and the fact that t^'p'^Ci-i belongs to ker(t|i7) (as it equals 
Qiei). Comparing this with QiCi = t^^p'^Ci-i we obtain ki = Ui — nj_i modulo (p — 1)Z. On the 
other hand, the definition of ki shows ki = —im+i-i = hi-i — hi modulo (p — 1)Z. Together this 
means Ui + hi = Ui-i + /ij_i modulo (p — 1)Z and statement (a) follows. 

(b) The fraction h is an integer if and only if p — 1 divides hm+i, if and only if p — 1 divides 
J2JLo iji if only if p — 1 divides J2jLo if if p — 1 divides Wi for any 0 < i < m. 

For any such i and any 7 E F we have 

7i-i7-i(^A-+i)7(e.) = = g^ia) = ^^’'^'"+'^7(6*) 


and this is a non zero element in H. Specifically, taking 7 = 7(a) and using formula (| 49 p we 
obtain a^* = 1 in for all a E N 17 Z^ . This implies that p — 1 divides Wi. □ 
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Lemma 6.4. Suppose that ki > 0 for at least one i. The ,T)-module D over ks associated 
with the ,T)-module H* admits a ks-basis qq,. .. ,gm such that 


(50) 

(51) 

(52) 


Thidj) = 9j+i for0<j<m-l, 

'y{x){gj) — x^gj ^ t ■ kg ■ gj for 0 < j < m and x € . 


These formulae completely characterize the actions of ip^ andT. 

Proof: Let D denote the (/7^-module over kp with %-basis go, ■ ■ ■ ,gm and with (^'’-operator 
given by formulae (|5UI) and (151|) . It is etale and hence admits the usual canonical left inverse 
V’d • For 0 < j < m let fj = t^^ gj. For 1 < j < m and a ^ kg we compute 


(53) 




where in the first equation we used hj = p^hj^i + im+i-j- We also have hm+i = P^hm + io and 
therefore we similarly compute 


V’d(«/o) = V’d(«5o) = = Qr^^Pl+{af°)gr, 


(54) 


= Q'fPl+iat"°)fm- 


Let D'^ be the free /c^-submodule of D with basis fo, ■ ■ ■, fm- Formulae ([531) and ([541) show that 
D'^ is stable under hence that D'^ is a V’^-module over kg. Its V’^-operator = V’dI-D* 
surjective, as follows from formulae (1531) and (I54p in view of 


(55) 'ijjl+{t^i=o'^iP"'j = (_i)Ei=o m^nr 0 < uq, • • • ,nr-i < p — 1 and 0 < n^. 

For 0 < i < m we define e' € {D^)* by e[{fj) = 6ij and by e'^\^.£|i^ = 0. The set {cq, ... ,e(„} is 
a A:-basis of ker(t!(•£)#)*), and it generates (D^)* as a A:^[(/9'’]-module as will follow from formulae 
(l56l) and (fSTjl below. We claim 


(56) 

(57) 

(58) 


= e' 

= Qe'o, 

j.Wi r(m+l) / / 


for 1 < z < m, 


for 0 < i < m. 


For n > 0 we compute 

Inserting formula (|53p we thus get 

(59) («‘v;D.).e:-i)(<”/j) = 


31 


for < j < m while for j = 0 = m + 1, inserting formula (|54ll we get 
(60) 

The right hand side in formula (I59j) (resp. in formula (IhOji ) vanishes if i 7^ j (resp. if i 7^ m +1 = 
0). To evaluate the right hand side if 1 < i = j < m (resp. if i = m + 1 = 0) we again use 
formula (|55p . It shows that for n > 0 the right hand side in formula (|59l) (resp. in formula ([60])) 
vanishes and that for n = 0 and 1 < z = j < m its value is 1 (resp. for n = 0 and z = m + 1 = 0 
its value is q). We have proven formulae ([56]l and ([FT]) . Formula ([58l) follows by iteration (as 

As both H* and are k'^-fiee of the same rank, a comparison of formulae (|56l) . (|57p 
with those describing the action of on H = (H*)* shows that there is an isomorphism of 
/sg [(/?^]-modules H = sending the to suitable A:^-rescahngs of the e'. 

We use this isomorphism to transport the T-action on Ff to a T-action on . For 

0 < i,j < m and x € Fp it satisfies 

We claim that this vanishes. Indeed, if z = j then this follows from 7(x“^)e( = (the 

definition of s), whereas if z 7^ j even both summands vanish individually. The claim proven we 
infer 

'lix){fj) - G p|ker(e') = t ■ dK 

i 

On the other hand, formula (|i9P says j{x){fj) — x^H^^j{x){gj) G ■ gj Ct- DK Together 

we obtain 

j{x){gj) - x^gj G ■ dK 

As both j{x){gj) and x^gj belong to k^ ■ gj and as k+ ■ gj n = t ■k'^ ■ gj we have proven 

formula (1^21) . 

For the final statement it is enough to show that formulae (1501) . (1511) and (1521) characterize 
the F]-module We have already seen that they imply formulae dMj), (jSZj), dSHI), 

i.e. they characterize the action of It therefore remains to see that they characterize the 

action of F on the [<y9^]-generators e( of We claim 

7(x)e' = 

Indeed, both sides vanish on t ■ DK To compare their values on an argument in we may 
ignore summands belonging to t ■ DK Thus formula (1521) gives us 

(7(a^)e')(/j) = e'(7(x)"Vi) 

for any 0 < i,j < m. We are done. □ 

Let /3 G (/c'^'s)^ such that (—= Q = XYILq Qi- 
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Proposition 6.5. (Berger) Suppose that r = 1 and that ki > 0 for at least one i. Let D be 
the {ip,T)-module over % associated with the {^(,T)-module H*. We have an isomorphism of 
GalQp -representations 

iy(D)^ind(a;i+i)®a;V/3. 

Proof: In [2] section 2.2 it is shown that the ((/?, r)-module D' over % with W{T)') = 
ind(a;^_,_]^) pp admits a basis in which the actions of ip and T satisfy the formulae ([50]) . (ISTI) . 
(j52|) . hence we conclude with Lemma 16.41 □ 

Remarks: (a) In [2] section 2.2 even the precise formula for ’j{gj), for 7 G L, is worked out, 
sharpening formula (15211 . 

(b) The results in [2] are in fact stated there only under the hypothesis that h be primitive. 
However, it is easily checked that those statements of [2] which we are using in Proposition 16.51 
hold true without that primitivity assumption. 

6.3 ((/?’’, r)-modules and ( 9 ?, r)-modules 

Here we briefly explain the interest in etale r)-modules for any r G N (we will not need 
this later on in the present paper): There is an exact functor from the category of etale ((/?^,r)- 
modules to the category of etale (y?, r)-modules (the rank gets multiplied by the factor r). To 
the latter, of course, e.g. Theorem 16.11 applies. 

Let D = (D,(/?Jj) be an etale (^’'-module over Op. For 0 < i < r — 1 let = D be a 

copy of D. For 1 < z < r — 1 define ip^ : > D^® to be the identity map on D, and 

define ip^ : to be the structure map ip'^ on D. Together we obtain a Zp-linear 

endomorphism ip^ on 

r —1 

D = 0d(*). 

i=0 

Define an O^-action on D by the formula 

(61) X • ((dj)o<i<r— 1 ) — (V^O^ (2^)c^*)o<i<r—!• 

Lemma 6.6. The endomorphism ip^ of D is semilinear with respect to the Op-action 
hence it defines on D the structure of an etale ip-module over Op. 

Proof: 

■ {idi)i)) = Tt,iiTh£ix)di)i) 

= UTOs {x)di+i)o<i<r-2, {P>T>{X • 4))r-l) 

= {{TO£{x)di+i)Q<i<r-2, {iPo^{x)ip\i{dQ))r-l) 

= ipo£{x){{diJ^i)Q<i<r-2-i (9^D('^o))r-l) 

= TO£{x)ip^{{di)i). 
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□ 

Let r' be an open subgroup of L, let D be an etale r')-module over O^. Define an action 
of r' on D by 

T ' ((^i)o<i<r—l) — (b ■ ^i)o<i<r—!• 

Lemma 6.7. The T'-action on D commutes with and is semilinear with respect to the 
Os-action hence we obtain on D the structure of an etale {ip, T')-module over Op. We 

thus obtain an exact functor from the category of etale {p)^ ,T')-modules to the category of etale 
{ip, V)-modules over Og. 

Proof: This is immediate from the respective properties of the T'-action on D. □ 


7 The functor D 

The topological dual V* of a smooth ITlo-representation on a torsion o-module V (endowed with 
the discrete topology) is a compact left O^-module, with acting through (a • f){v) = f{a ■ v) 
for a G 0~^ for f £V* and u G !/§ 

Let V be a Tlo-equivariant coefficient system on of level 1. Clearly the 9to-action on both 
Hq{X+,V) and Ho{X+,V) is smooth, thus 

D{V) = Ho{X+, V)* and D'{V) = Ho{X+,Vr 

are compact -modules. We put 


D(V) = Os D{V). 

Proposition 7.1. Suppose that V is strictly of level 1. 

(a) D{V) can be generated as an O'^-module by dimfc(V(eo) ®d k) many elements. In partic¬ 
ular, D(V) can be generated as an Os-module by dimfc(V(eo) 0o k) many elements. 

(b) The natural map Os <8)(p+ D'{V) —)• D(V) is bijective. 

Proof: By Theorem 14.31 we know V(eo) = Ho{X+,V)^ . It follows that the /c-vector space 
can be generated by dimfc(V(eo) 00 k) many elements. By duality this means 
that the k = O^/m-vector space D{V)/xnD{V) can be generated by dimfc(V(eo) Cip k) many 
elements; here m denotes the maximal ideal in the local ring O^. Now we conclude with the 
topological Nakayama Lemma (see m)- 

^As 9to is commutative this formula indeed defines an -action. One might argue that it would be more 
natural to endow the dual with the -action (a ■ f){v) = ffd ■ v) where (.) : Of —>■ Of denotes the involution 
induced by the inversion map on fRo- Of course, everything we are going to develop holds true with this alternative 
Dg-action as well. 
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(b) We have an exact sequence 0 —>■ V(eo) ^ Hq{X+,V) —)• Hq{X+,V) —?> 0 giving rise to an 
exact sequence of O^-modules (taking the Pontryagin dual is exact) 

0 ^ D'{V) D{V) V(eo)* ^ 0. 

Tensoring its first non trivial arrow with Og over gives the map in question. Its surjectivity 
follows from Og iSiq+ V(eo)* = 0 which holds true because V(eo) and hence V(eo)* is finitely 
generated over o. □ 

Now suppose that V is [iJIo, v^^J-equivariant for some r € N such that the structure maps 
: V(x) ^ V{(p'^x) and (p"^ : V(r) —)> V((p^T) are bijective for all x G and r € 

The </5^-action provides an endomorphism ^'c^(^x+V) C'o(^+)V) = hence an 

endomorphism of i/o(^+)V). We define 

i’Uv) ■■ D{V) D{V), d 

It is straightforward to check 

(62) ^/;)))(y)(y?^+(a) • d) = a • (V^)),(y)(d)) for a G d G T>(V). 

As Og = any element in Og can be written as a sum of products -c 

with h G Og and c G . Thus any element in D(V) is a sum of elements of the form (b) (8) d 
with b G Og and d G D(y). It therefore follows from formula (1620 that there is a well defined 
o-linear map 

: D(V) ^ D(V), phsib) ®d^b0 VD(v)id). 

The map —)■ is injective. Thus the inverse of p'' induces an isomorphism 

: 0 V{x) 0 V{x). 

We extend it to a map 

^hoix+,v) ■■ C’o(^+, V) = 0 V(a;) ^ Co(X+,V) = 0 V(x) 

xex')_ sex'). 

by requiring that its restriction to vanishes. The definition implies 

(63) '^Co{X+,V)i^o+i(^) ■h) = a- Vco{X+,V)(d) for a G /i G 0 V(x). 

xex'j. 

The map V) fo^uces an endomorphism 

^Ho(x+,v): ^o(:^+, V) ^ ddo(x+, V) 

and formula (j63ji becomes 

(64) '^Ho{x+,v)i'^oj^^^ ■ h) = a - V’ho(^+,v)(^) 
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for a E and h E V). We define the endomorphism 

^ ^ ^ do '0Hq(x+,v)- 

We claim 

(65) (^^,(y)(a • d) = v?^+(o) • for a E d E -D'(V). 

Indeed, for h E ddo(^+) V) we compute 

(v^D'(v)(® ■ ^))(^) ~ (® ■ '^)(V’Ho(X+,V)(M) 

= d(a • '*Aho(x+,v)(^)) 

= (<^D'(v)(c^))(‘^o+(a) • 

= {Vo+{o) ■ ^D'{v)id))ih) 

where in (i) we used formula (IMjl . Because of formula (l6^ we may proceed to define 

V^D(v) = ® ^D'iv) ■■ D(V) ^ D(V) 

where we use the isomorphism Og ®q+ D'iV) = D(V) of Proposition 17.11 as an identification. 
Proposition 7.2. We have the formulae 

(66) V’d(v) ° (^ ■ T'dcv)) = '^heid) ■ idD{v) for be Os, 

(67) ° '*/’d{v) °n~^ = idD(v) • 

neOTo/cng'' 

In particular, we have V’d(v) ° ‘7’d(v) ~ idD(v) ond is an etale map. 

Proof: To prove formula (|66l) we hrst remark that for b E O^ we have 

V’Ho(x+,v) ° (b ■ I’ho(x+,v)^ = 

Indeed, this is true already on 0-chains. To check this the 0-chain may be assumed to be 
supported on a single vertex, and b may be assumed to belong either to im((^^+) or to ker('!/^^+); 
in either case the claim follows easily from the definitions. We use this to see 

'^D(V)ib ■ 7^D'(v)(d))(^) = {b ■ 7’D'(v)(d))(<7’^j,(5^^y)(^)) 

= d(V^k(^+.V)(&-7^Ho(T+,V)(^))) 

= dfif^^+ib) ■ h) 

= ^^^+(6) •d(h). 
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Any element of Os can be written as a sum of products 6 = • 62 with bi € Os and 62 G O'^ 

and bi = Inserting what we just saw we compute 

'*^D(V)(^ ' V^D(V))(® ^ d) = ® V^D'{V)^d)) 

= VT>{v){^Oei'^Oe{bi)) ■ ^Oe{o)(^b2 ■ VD'(v)i<d)) 

= VT>{v){^Oei'^Oeibi) • a) ® 62 • 'fD'(V){<d)) 

= VoeiPi) • a® V’d(v)(^2 • ^D'{V)id)) 

= i’Osibi) • o® V’o+(^2) • d 

= i^Oeibi) ■ iJOeib2) ■ a IS) d 

= '^Oe (b) ■ d. 

We have proven formula (|56p . To prove formula (|67p we view the injective map D'{V) D{V) as 
an inclusion. We find some > 0 such that C D'{V). The map t'^D(V) D{V) 

induces an isomorphism Os ^q+ Diy) = Os (8>(p+ Diy) = D(V), therefore we may write an 
element in D(V) as a sum of elements ® d with d G D{V) such that '*/’£)(v)('^) ^ 

and then more generally • d) G D'{V) for n G 9Io- We compute 

neOTo/?tf nGOTo/^nf 

= ?^o<7>D(V)(^®V'Z){V)(”"^ •^^)) 

ne<yio/%’' 

= Y1 7’0£(&) (V^D'(V)(V’d(V)(^“^ ■'^)))- 

ne<yio/%’' 

Therefore we need to show the equality 

(68) n ■ (v^d/(v)(V’d(v)(^“^' d))) = d 

ne<no/<nf 

of linear forms on i7o(-^+) V). An inductive argument using formula ()34ll shows that any element 
of Hq{X+, V) can be represented by a 0-chain supported on 

= ]J noif'^Xl- 
noemo/<nf 

Thus, to prove (l68P it is enough, by the definitions of and V’£)(v)> prove 

(69) X] (”~^ ° ^hix+,v) ° ^Coix+,v) ° ^)(c) = c 

n£<no/<nf 

for all c G CoPX+jV) supported on for some no G OIq- For n G TIq with nno ^ IHq we 

have nnoV^^3£+n<y9^j£)|_ = 0 and then c is killed by '0Co(^+ v)°^' other hand, if nno G ITlo 

then c is fixed by n~^ o y) o '0Co(^+ V) ° Formula ([691) is proven. □ 
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Corollary 7 . 3 . (a) The Os-module D(V) can he generated by dimfc(V(eo) <8)0 k) many elements 
and carries a natural structure of an etale {(p'',T q)- module. 

(h) If the \-action on V extends to a ,T\-action on V, then D(V) is an etale 

,T)-module. 

Proof: (a) Except for the Po-action everything else has already been established in Proposi- 
tions l 7 . 1 l and l 7 . 2 l By DroDosition l 4 . 4 l the (^'’J-action on V naturally extends to a [ 9 To, PqJ- 
action on V. In particular it induces a Po-action on Hq{X+,V). We define a Po-action on D'{V) 
by setting ('y-d){h) = d{'y~^ ■ h) for 7 G Pq, d G D'{V), h G Hq{X+,V). For a G we compute 

(7 • (a • d)){h) = (a • d)(7~^ • h) = d{a ■ 7“^ • /i) = (7 • d){'yaj~^ ■ h) 

= ((7«7"^) • (7 • d)){h) = ((7 • a) • (7 • d)){h) 

i.e. the action is semilinear. Moreover, it follows immediately from the definitions that it 
commutes with Therefore we obtain a semilinear action of Po on D(V), commuting with 

‘^D(v)’ putting 7(0 (8) d) = 7 • a (8) 7 • d for a G Os and d G 

Of course, the same construction also endows D{V) with a semilinear Po-action, commuting 
with extending to the same Po-action on D(V). 

(b) This is the same argument (without invoking proposition I 4 . 4 |l . □ 


Corollary 7.4. (a) The restriction o/V’d(v) ® hijection onto 

D(V). Its inverse, composed with the inclusion 0 /• .)) into D(V), is the 
map TT>{y)! particular, the latter can he reconstructed from V'd(V)' 

(h) Conversely, V'd(v) can he reconstructed from 

Proof: This is a formal consequence of Proposition 17.21 

(a) (See [14] Proposition 3.3.24 for the abstract argument.) All we need to show is 

im(7’D(V)) = n ker('0[)(y)(n ■ .)). 

n(^<no-<nf 

Let d G im((/?^(.^;p, say d = V^D(y)(c). Let n G Tto - Tig . Then V'd(v)(^' d) = ^d(v)(” ' 
TY)(y){^)) = '4’oei''^) • c = 0 where we used formula (f66]l and then = 0. Conversely, let 

d G n^g^^_^prker(V’[)(v)(n • .)). Formula ([ST]) shows 

d= ^•'^d(v)(V'd{V)(^"^ 

n£<no/%" 

By hypothesis, only the summand for the coset Tig survives, showing d = id)), 

hence d G im((/j]|l)^y^). 

(b) Proposition 17.21 implies D(V) = im(:/5](j (V)) ® E„eoro-< • ™('^D(v)) and that Tiny) 

is injective. Thus is the projection onto im(:/5](jj..^^j) with kernel n ■ im((/9^^y^). 
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composed with the inverse of <^d(v)‘ 


□ 


We fix a gallery (llip and choose an isomorphism 0 : y —>■ j£_|_ as in Theorem 13.21 

Theorem 7.5. (a) Given (p as in Theorem \3.2\f b). the assignment M i-t- 0(0*12^) is an exact 
contravariant functor from Mod®'^('H(G,/o)o^) to the category of etale {gf ,Tq)- modules over 

Os. 

(h) Given (j) and r as in Theorem \3.i^ d). the assignment M i-)- D(0 *Vm) is an exact con¬ 
travariant functor from Mod^^{TL{G, Iq)c^) to the category of etale {(p'^,T)-modules over Os¬ 
lo) The functors in (a) and (b) depend canonically on the choice of ifTTI) and 4> alone, resp. 
of iflTI) and (j) and r alone, not on the choice of Q. 

(d) For M G Mod^“(7^(G,/o)oi) = Mod®'^('H(G,/o)fc) we have 

dimfcgD(0*VM) < dimfcM. 

Proof: The assignment M i-)- Vm (and hence M i-)> 0 *Vm) is exact by Proposition 15.11 
Therefore the assignment M i-)> Hq{X+,Q,^Vm) is exact, cf. the exact sequence (HH). By 
exactness of taking Pontryagin duals it follows that M i—>■ D{Q^,Vm) is exact. Finally, by the 
flatness of O'^ —)■ Os we obtain that M i—)• D(0 *Vm) is exact. 

The independence on the choice of 0 follows from the corresponding independence statement 
in Theorem 14.21 □ 


8 The case GLd+i{Qp) 

We consider the case G = GLd_|_i(Qp) for some d > 1 and keep all the previous notations 
T, N{T), X, A etc.. We fix a chamber G in A, and as before we denote by I resp. Iq the 
corresponding Iwahori subgroup, resp. pro-p-Iwahori subgroup of G. The (affine) reflections in 
the codimension-1-faces of C form a set S of Coxeter generators for the affine Weyl group which 
we view as a subgroup of the extended affine Weyl group N{T)/Z{T n I). Put W = N{T)/T, 
the finite Weyl group. 

We find elements u, s^ G N{T) such that uG = G (equivalently, ul = lu, or also uIq = Iqu), 
such that G {p ■ id,p“^ • id} and such that, setting 

Si = u^~'^SdU^~‘^ for 0 < z < d 

the set {so, si,..., Sd} maps bijectively to S; we henceforth regard this bijection as an identi¬ 
fications. Let i : SL2(Qp) —)■ G denote the embedding corresponding to Sd- For 0 < i < d we 
put 

nsi = ( -1 0 ) ^ ' ^ ( 0 ^ 
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as an element of 


for a: € Fp where we use the Teichmiiller character to regard 

SL2(Qp). Similarly, by means of the Teichmiiller character we regard the group T = I/Iq = 
(T n /)/(T n /q) as a subgroup of T. 

We write 'H{G,Io)k = /q) <^o k. Let Io)afr,fe denote the A:-subalgebra of 'H{G,Io)k 

generated by the for s € S' and the Tt for t &T. Let ^{{G, denote the /c-subalgebra 

of ^ generated by LQ)aff,A: together with the elements Tp.\^ and Vi id = r-i. We 
put 

(j) = SdU G N (T) and = (p'^G for i > 0. 

We have = ^{p) G T for some ^ G Homaig(Gm5 ?")• Let 

r = (.r-ei2x :Zp" ^T, a^a--e(a) 

for some m G Z. For x G use the Teichmiiller lifting to define t{x) G T. 

Lemma 8.1. (For a suitable choice of Nq we have:) {C^®^}i>o, </> and r satisfy the assumptions 
of Theorem \3.2\ (with r = 1 there). 

Proof: We choose a system A of simple roots in such a way that the image of S — {sq} in 
W is the set of simple reflections corresponding to A. (The above embedding i : SL2(Qp) —>■ G 
is then taken, more precisely, to be the one corresponding to the simple root associated with Sd-) 
We take Nq to be the group of Zp-valued points of the unipotent radical of the Borel subgroup 
containing T corresponding to A. Then belongs to T and we have P'^NqP~'^ C Nq with 
[Nq : p'^N()p~‘^] = p'^. From this the claims easily follow. (All this can also be checked be means 
of the concrete realizations of T, p, u etc. given below.) □ 

We have the isomorphism Q : Y = as constructed in Theorem 13.21 by choosing the 
element vq in the proof of Theorem 13.21 to be vq = Recall that the chamber C of A 

corresponds to the edge eg of Y. The codimension-1-face of G corresponding to the vertex vg 
of Y is 

F = Gn G^^^ = GnpG = Gn SduG = C n SdG. 

Therefore Sd is the simple reflection corresponding to the simple root and in the present 
setting we have 

ip = p = SdU. 

Placing ourselves into the setting of sections [2] and [5] we observe: 

Lemma 8.2. (a) The image of Tig C SL2(Zp) in S = SL2(Fp) is TIg/TlQ, and this is the 
unipotent radical U of a Borel subgroup in S. 

(b) We have an isomorphism between S and the maximal reductive (overVp) quotient of Iq , 
inducing an isomorphism between U and the image of Iq, hence an embedding of k-algebras 

n{S,U)k = End,[5](ind|u)°P - End^^p., (indf U)°P 

(70) -^n{G,IoU,k C n{G,Io)k. 
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It sends to (for x € ¥^) and Tn, to Tn,^. 

Proof: (a) is clear, (b) The subgroup of SL2(Qp) generated by the stabilizers of the edges 
in emanating from Oq is SL2(Zp), its maximal reductive (over Fp) quotient is 5 = SL2(Fp). 
From this everything follows. □ 


For a 7I{G, /o)fc-iRodule M, Theorem 14.21 and Proposition 15.II tell us that 0 *Vm is in a natu¬ 
ral way a [fTo; Tj-equivariant coefficient system on with Tto-action strictly of level 1. For 
later use we remark that 0*VM(tio) = Vm(vo) = stable under s^ (which acts on the 

G-equivariant coefficient system V^). 


From now on, for concreteness, we specialize our discussion as follows. T is the subgroup 
of diagonal matrices in G and Iq is the pro-p-Iwahori subgroup of G consisting of all matrices 
in GLd+i(Zp) which (minus the identity) are strictly upper triangular modulo p. We further 
assume that we are in one of the following two ’opposite’ cases (which we treat simultaneously)!^ 
The hrst one is where 


(71) 


u = 



Sd = 



Tia = 



for a G Zp . Here Ei denotes the identity I x /-matrix, and s = 



have N( = 


Ed * 
0 1 


€ GL2. In this case we 


(with column * having entries in Zp), where N( denotes the subgroup of 


G generated by all the N^y) n Nq for j > 0 (cf. the remark following Theorem 13.21) . 

The ’opposite’ case (corresponding to the other end of the Dynkin diagram) is where 


(72) 


u = 


0 p ^ ^ 

Ed 0 J ’ 


-s 0 \ 

0 Ed-1 ) ’ 


In this case we have Nq = 


0 Ed J 


r(a) 


a 0 \ 

0 Ed j 


8.1 Supersingular 'H(G,/o)A:-modules 

For a character X : T ^ we denote by S\ the set of all s € 5 with X{hs{x)) = 1 for all 
X G Fp . Suppose we are given a character X : T and a subset H oi Sx. There is a uniquely 

determined character 

Xx,j ■ T~l-{G, Io)sif[,k — k 

'Notice that our analysis requires explixit matrix computations only when we justify certain statements in¬ 
volving T. For some of these statements our specific choice of t is important, i.e. some of them may fail if r is 
replaced by a 1 —>■ o’" • r(a) for some arbitrary m £ Z. In general, the condition to be imposed on r should be that 
the image of r together with SLjj+i(Fp) generates GLd+i(Fp). 
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which sends to A(t for t ^ T, which sends to 0 for s E 5 — ^7 and which sends to 
— 1 for s E (see m Proposition 2). Let b G . The character x\,J extends uniquely to a 
character 

X\,j,b ■ ^(G,/o)afr,fc —^ k 

which sends T^d+i to b (see the proof of m Proposition 3). We define the ?^(G,/o)fc-module 

M[A, J", 6] = TiiG, Io)k ‘^niGjoY^s * 

where k.e denotes the one dimensional A:-vector space on the basis element e, endowed with the 
action of HiG, /o)afj k character X\,j,b- 

For 0 < z < d we let Cj = T„-i (8) e E M[X,J,b]. The pair (A^, J'W) defined by AW(t) = 
A(u“Tu*) and = u^'Ju ® satisfies the same assumptions as (A,J"), hence gives rise to a 
corresponding character X\\i\^j\i\^b -^o)afr fc- 

For m E Z and 0 < i < d with m — i G {d + 1)Z we set Cm = e^, and A^"*! = AW, 

and similarly for all other objects defined below which are indexed by 0 < i < d. Consider the 
condition 

(73) The pairs (A^^^, , (A^'^^, 77^'^^) are pairwise distinct. 

Proposition 8.3. (a) If (A, 77) satisfies ( [75| ) then M[A,77,6] is an absolutely simple super¬ 
singular 'H{G,Io)k-module of k-dimension d+ 1. For another pair (A', 77') satisfying the 
'H{G, Io)k-modules M[A, 77, 6] and M[A',77',6] are isomorphie if and only if and (A, 77) 

are conjugate by some power of u. 

(b) Any absolutely simple supersingular ^{{G, Io)k-module of k-dimension d + 1 is isomorphic 
with M[A, 77, 6] for suitable A, 77, b satisfying ([7^ . 

(c) As a 'H{G, loY^g j^-module, M[A,77,6] decomposes as 

(74) M[A,77,6] ^ 0 A.e* 

0<i<d 

with 'H{G, acting on k.ei by the character X\[i] j\i\ b- 

Proof: For (a) see m Proposition 3 and Theorem 5. Notice that conjugating the pair 
(A, 77) by powers of u is equivalent with cyclically permuting the set of pairs {(AW,77W)}j. For 
(b) see [15] Theorem 5 together with [11] Theorem 7.3. For (c) see the proof of [15] Proposition 
3. To see e.g. that Tt for t E T acts by AW(t“^) on k.Ci we compute 

TtCi = TtT^-i (g) e = T^-n (g) e = T^-iT^-n^i 0 e 

= T^-i 0 = T^-i 0 A(u“*t“^ti*)e = T^-i 0 Af'l(t“^)e = Af*l(t“^)ej. 

□ 
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For 0 < i < d we define a number 0 < ki = ki{X, J') < p — 1 such that 

(75) AW(/is_^(x)) = A(/is._^(x)) = forallxGFp, 

as follows. If A^*! o hg^ is not the constant character 1 then ki is already uniquely determined by 
formula (f7^ . Next notice that A^ o hg^ = 1 is equivalent with Sj_i G S\. If A^ o hg^ = 1 and 
Si-i & J we put fcj = p — 1, if AW o hg^ = 1 and Sj_i ^ J we put ki = 0. We put 

(76) Wi = Wi{\,J) = ki +pki_i +p^ki-2 + ... +p*A:o +p''^^kd + ... +p‘^ki+i, 

d 

6{X,J) = (-l)'^A(-id)J]fc,!. 

i=0 

Put V = Q*VM[\,j,b]- The image of e* G M[X,J',b] in Hq{X+,V) we denote again by e^. 

Proposition 8.4. (a) Ho{X+,V) is a standard cyclic k'^[p,T]-module of perimeter d + 1. The 
set {eo,... ,ed} is a k-basis of the kernel ker(t) oft, and we have the following formulae: 

(77) =/ci!AW(r(-l))ei for 1 < i < d, 

(78) t^°(ped = kolX^^\T{-l))b~^eo, 

(79) t'^^p^^^Ci = (—1)'^(5(A, J)b~^ei for 0 < i < d, 

(80) 'y{x)ei = Af*l(r(x))ei for 0 < i < d and x G . 

Proof: As Hq{X^,V) is an inductive limit of fc^-modules which are finite dimensional over 
k, it is a torsion A:^-module. From Theorem 14.31 we obtain M[X,J,b] = V(eo) = F7o(^+;h’)^° = 
ker(t). From this and the strict level 1 property (namely formula (|34p i together with the fact 
that for any e G we find some n G Nq and m > 0 with ncf^eQ = e it follows that ker(t) 
generates Hq{X+,V). 

For X G Fp we compute Ti^^^(^„.-^ei = AW(/is^(x“^))ej = x~^*ei. On the other hand, in Lemma 
12.51 (with ki = r there) we have Tf,^^(^x)e = x“^*e. Therefore, if we apply Lemma 12.51 to the 
character of T-L{S,U)k obtained by pulling back the character 77(G, /o)afr,fe along the 

embedding d70|) . then we obtain t^mj^Ci = kilci inside M[X, J, b] = V(eo), the latter viewed (cf. 
Proposition 15.11) as a subspace of 

T(t)o) = (ind^lfc) -T7. 

A matrix computation shows Ug^Sd = t(— 1) = r(—1)“^ G T. We therefore see that SdCi = 
Cj since t(— 1) acts by i.e. by AW(r(—1) ^) on /c.Cj. We get 

t’^^SdCi = AW(r(-l))t''‘n7^^ej 

( 81 ) = A:j!AW(r(-l))ei. 

Formula (I44p gives uci-i = T^-iCj-i. For 1 < i < d we therefore obtain 

(82) = t^^Sduei_i = t^^ SdT,,-iei_i = t^^SdCi 
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while for z = 0 we obtain 


(83) t'^°(fed = t’^°Sdued = t^°SdTu-ied = t^°SdT^-i-deo = t'"°Sdb ^cq. 

Formula (|STD together with formula (IS21) . resp. with formula (1531) . gives formula (177|) . resp. 
formula (178]) . Combining formulae (1771) and (f78]) gives formula ([79]); for this observe (ft = 
and A(-id) = (r(—1)). To see formula ([80l) notice that the action of 'y{x) E F is given 

by the action of t(x) E T, and that r(x) acts by i-e. by AW(r(x)) on k.Ci. □ 

For 0 < j < d + 1 let = p — I — kd+i-j and hj = YliZo'^d+i+i-jP^■ (Attention: In 

general, 0 = /iq need not be equal to hd+i- The hj must not be confused with the hg^.) Define 
0<s<p — 2by the condition = X{t{x)) for all x E . Let /? E (/c^*®)^ be such that 

= 6{X,J)-^b. 

Theorem 8.5. h = hd+i/{p — 1) is an integer, and if ki >0 for some i then we have an 
isomorphism of k -linear Galq^-representations 

IT(D(V)) = ind(a;^+i) 0 

Proof: That h is an integer follows from Lemma 16.31 Alternatively, it follows from the 
divisibility of hy p — 1, which is a consequence of 

= A(n/!„(!)) = A(id) = 1 

i i i 

for all X E Fp . We now conclude with Proposition 16.51 using the formulae of Proposition 
18.41 (By Lemma 16.31 the formula = A['^1 (t(x)) for x E F^ and all 0 < j < d follows 

from the case j = 0; alternatively it can be verified by a straightforward calculation showing 

= (A/A[^'])(t(x)).) □ 


Theorem 8.6. (a) If for any 1 < j < d there is some 0 < i < d such that ki ki+j then 
Hq{X+,V) is irreducible as a k'^[p\-module. 

(b) If {X,J) satisfies (fTdj ) then Hq{X+,V) is irreducible as a k'^[ip,T]-module. 

(e) If (A, 77) satisfies (fTdj ) then D{V) is an irredueible -module over k^, and D(V) 

is an irredueible {if,T)-module over kg. The integer h = hd+i/{p — 1) is primitive and the 
GaliQ^-representation VF(D(V)) = ind(a;^_|_j^) is irredueible. 

Proof: (In the case d = 1 the argument was given in Theorem 5.1 of [B].) We use the 
formulae in Proposition 18.41 Statement (a) follows immediately from Proposition 16.21 

For statement (b) we first claim that for any 1 < j < d violating the hypothesis in (a), i.e. 
such that for all 0 < i < d we have ki = ki^j, we have A^*! o T 7^ o r for all 0 < i < d. 

Indeed, ki = ki+j for all 0 < i < d implies 77^*^ = for all 0 < i < d. Thus, by 

hypothesis (173|) we have A^ / for all 0 < i < d. Now ki = ki^j for all 0 < i < d says that 
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the characters and of T differ at most by some character invariant under conjugation 

by the full group W. But then we must have A^*! or ^ o T and the claim is proven. 

Next, since j(x) G F for x G Fp acts by multiplication with AW(r(x)) on k.ei (formula (fHOjl l 
it follows that the hypotheses of Proposition 16.21 are fulfilled in order to deduce the irreducibility 
of ffo(X+,V) as a Fj-module. 

Statement (c): By Pontryagin duality theory, the natural map V) —>■ = 

D(V)* is an isomorphism of (topological) A;-vector spaces. It is checked that it is also an isomor¬ 
phism of r]-modules. The same check shows that the irreducibility of the Pj-module 
Hq{X+,V) implies the irreducibility of the (V^, r)-module D{V) = Hq{X+,V)*, which in its turn 
implies the irreducibility of the (y?, r)-module D(V) (cf. e.g. [TTj Proposition 3.3.25). The irre- 
ducibility of D(V) implies that of ind(a;^_|_]^) (8* (Theorem 18.51) . and hence the primitivity of 
h because only primitive h give rise to irreducible ind(ti;^_(_^). □ 

Theorem 8.7. For any 0 < /i < — l)/{jp — 1), any 0 < s < p — 2 and any jd G (fc®"^®)^ 

with G there are X, J and b as before sueh that we have an isomorphism of irredueible 
k-linear GuIq^- representations VF(D(V)) = ind(t<;^_,_]^) (g) for V = 0*Vm[a,J',6] • 

If h is primitive then (A, J) satisfies [7^ . 

Proof: Write h{p — 1) = io + pii + ... + p'^id with 0 < ij < p — 1, then put kj = 
p — 1 — id+i-j for 1 < j < d -|- 1 and /cq = kd+i- As p — 1 divides h{p — 1) and hence Yl'j=oh^ 
it also divides ^ generated by the images of r and all the hg-, subject to the 

relation 0^=0 = 1 > h therefore follows that there exists a unique character A : T k^ with 

AW(/is^(x)) = A(tis._j(x)) = and with A(r(x)) = x~^ for all x G Fp, all 0 < i < d. Let 
= {sj G 5 I fcj+i = p — 1}. Then J C Sx. Let b = S{X, G k^. 

That VF(D(V)) = ind(cu^_,_^) for this triple {X,J.,h) follows from Theorem 18.51 If h is 

primitive then ind(cu^_|_^)0a;'^/i^ is irreducible, hence D = D(V) is irreducible. It follows that 
the unique (by [1] par. 11.4 and 11.5) non degenerate surjective ('0, r)-module over k'^ giving rise 
to D, is irreducible. [Given a non-zero (?/;, r)-submodule d\ of we obtain a non-zero A:£:-sub 
vector space d\ % of D stable under (pD and T. Thus d\ (8)^+ = D by Proposition 11.3.5 

of [1], hence d\ = ksFD^ = DK See also [H] Proposition 3.3.26.] Thus Hq{X+,V)* and 

hence Ho{X+,V) are irreducible. The irreducibility of the A:^[(p, Pj-module LIo(T+,V) implies 
the irreducibility of the 7^(G, /o)fc-module M[A, J, b]. Indeed, a proper ?^(G, Io)fc-sub module of 
M[A, J, b] would induce a proper sub coefficient system of V, and Theorem 14.31 applied to these 
two coefficient systems would then induce a proper [(p, Tj-sub module of Hq{X+,V). Hence 
(A,J7) satisfies d73|) . □ 

Remark: Property (1731) for the pair (A, 77) in Theorem 18.71 and conversely, the primitivity 
of h in Theorem 18.51 are proven here very indirectly. It looks quite cumbersome trying to give 
direct, purely combinatorial proofs. 
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Remark: The Hecke operator T^d+i for G {p • id,p ^ • id} acts on M[\^J,h] through 
the scalar b. The determinant of the action of the geometric Frobenius on 1T(D(0 *Vm[a .T,6])) 
is 6{X, If d = 1 then 5{\,J) = 1 in /c^ so that this determinant is equal to b. If d > 1 

then (I(A, J) is not necessarily equal to 1 in and is not even independent on A. 

Consider the composed functor 
(84) IT(D(0 *Vm)). 

from the category Mod®“(?^(G, Io)fc) of finite dimensional /o)fc-™odules into the category 

of GalQp-representations over k. 

Theorem 8.8. The functor ^84^ induces a bijection between 

(a) the set of isomorphism classes of absolutely simple supersingular 'H{G,Io)k-modules of 
dimension d + 1 and 

(b) the set of isomorphism classes of smooth irreducible representations of over k of 

dimension d + 1. 

Proof: By [2] Corollary 2.1.5, the discussion proceeding [2] Lemma 2.2.1 and the beginning 
of [2] section 3.1, any smooth irreducible representation of CalQ^ over k of dimension d + 1 is of 
the form ind(w^^^) with 1 <h < — l)/(p — 1) — 1. Therefore it is isomorphic with 

1T(D(0*Vm)) for an absolutely simple supersingular 'H{G, Io)k-niodnle M of dimension d + 1, 
by Theorem 18.71 

By Proposition 18.31 any absolutely simple supersingular ■H(G,/o)fc-™odule M of dimension 
d+1 is of the form M[A, 77, 6] with (A, 77) satisfying (I73p . It remains to show that the isomorphism 
class of the simple 77(G, /o)fc-iRodule M[A, 77, b] can be recovered from the isomorphism class of 
D(V) for V = 0*Vm[a,.7,6]- 

Step 1: The isomorphism class o/M[A,77, 6] can be recovered from the isomorphism class of 
Ho{X+,V) as a k'^[ip,r]-module. 

Recall the Wi, formula (ESI). Let w = minircj | 0 < i < dj. For w G Z>o let = ker(t) n 
ker(T^"*'^(^'^'’'^). By formula (1791) we may recover w as w = min{r(; G Z>o | ^ 0}. Let 

I = {i\wi = w} = {i \ Fu,^ = Fu)}. Let Tq = T n SLrf+i(Fp). For i £ I we claim that we can 
recover A^ and that this is the same for all i £ F Indeed, Tq is generated by the u~^hs^{x)u'^ 
for I < m < d + I and x £ Fp, we have AW(u“™'/is^(x)u™) = Al®+”^l(/is^(x)) = and ki+m 

can be read off from w as the coefficient of by formula (|76l) . 

Next, pick some eigenvector e G F^ for the action of F on F^. By formula (1801) there is 
some i £ I such that the action of F on k.e is given by AW or. With the above this allows us to 
recover AW because the domain T of A^*! is generated by Tq and the image of r. As a result we 
see that we can recover A up to conjugation by a power of u. Next, up to cyclic permutation 
we can recover the ki as the digits in the expansion of w in base p, as already remarked. Since 
these determine the 77^*^ we see that together with what has been said we can recover the pairs 
(AW,77W) up to cyclic permutation, or what is the same, we can recover the pair (A, 77) up to 
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conjugation by a power of u. Finally, knowing the ki (up to cyclic permutation) allows us to 
recover nf=o Moreover, knowing A (up to conjugation by a power of u) allows us to recover 
A(—id) = n^=onamely, this is the product of the eigenvalues of r(—1) acting on 
ker(t) through the action of F (formula ()80l) l. Hence we may recover <5(A, J^). But then we may 
recover b from formula (1791) which holds true with Wi replaced by w and with e* replaced by any 
e € F^. 

We are done because the isomorphism class of the 7^(G, Io)fc-module M[X,J',b] is given by 
b and the pair (A, J), the latter taken up to conjugation by powers of u. 

Step 2: The isomorphism class of Hq{X+,V) can be recovered from D(V). 

The (<y9, r)-module D(V) is irreducible (cf. e.g. |14] Proposition 3.3.25). Therefore (and 
because D(V) is of dimension > 1) D(V) contains a unique compatible (-0, F)-submodule over 
k+ on which the 'i/’-operator is surjective (0 par. II.4 and II.5). By uniqueness, this must 
be D{V). Thus, the (V’,F)-module D{V) can be recovered from D(V). Since Ho{X+,V) 
(Ho(X+, V)*)* = D{V)* is an isomorphism of F]-modules we are done. □ 

Remark: A numerical version of Theorem 18.81 was proven in m Theorem 5: there it was 
shown that for fixed b, the number of absolutely simple supersingular TL{G, /o)fc-™odules of the 
form M[A,77,6] is the same as the number of smooth irreducible representations of GalQ^ over 
k of dimension d+1 with a fixed determinant of the Frobenius. 

Remark: 7^(0,/o)fe-modules of the form M[A, 77, 6] with (A, 77) violating ([73]) contain su¬ 
persingular 7^(G, Io)fc-modules M of dimensions I which are proper divisors of d-|- 1 (and all su¬ 
persingular 7^(0, 7o)fc-modules arise in this way, by [H]). The associated GalQ^-representations 
VF(D(0 *Vm)) are also of dimension I, irreducible for simple M. One may either detect them 
inside IF(D(0*V^[;^_j'_6])) (using Theorem 18.51 and the exactness of our functor). Alternatively 
one may observe that M is structured in the same fashion as M[A, 77, 6] (but of ’perimeter’ I 
instead of d-|- 1) (simplicity for M can be characterized by a non-periodicity property analogous 
to (|73)) i. hence one can compute IF(D(0 *Vm)) and test its irreducibility exactly along the lines 
we did with IF(D(0*VM[A,j,b]))- 


8.2 Filtrations on the Weyl group 

Let 7 : IF —>■ Z>o be the length function with respect to the set of Goxeter generators {si,..., Sd} 
of W. Setting u = Sd - ■ ■ si we have Sj = u‘^~'^SdvX~‘^ for 1 < i < d. 

Let IF^'' = {rc € IF I £{wsd) > ^{w)}. Suppose that we are given a map a : IF®'^ —>■ {—1,0,1}. 
In the following, for tc G IF and i G { — 1, —0,1} we write cr{w) = i as a shorthand for [w G IF®'* 
and a{'w) = i]. 

Definition: (a) For a subset IF' of IF we define a self mapping 

{.)X : IF ^ IF, 
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by the formula 


—1 
wu 


(85) w^' = 


wu ^Sd 


a{wu~^) = 0 or a{wu~^Sd) = 0 
[<T(t(;u“^) = —1 or a{wu~^Sd) = 
[a{wu~^) = 1 or a{wu~^Sd) = — 
[(T(t(;u“^) = 1 or a{wu~^Sd) = — 
[(T(r(;u“^) = —1 or a{wu~^Sd) = 


1] and wu~^SdU ^ W 
1] and wu~^SdU G W' 
1] and wu~^SdU ^ W' 
1] and wu~^SdU G W. 


(b) A cT-admissible filtration of hh is a filtration by subsets 


(86) 0 = 1^0 C Vhi C W 2 C ... C Wg = hh 

of W (for some g G N) such that for each 1 < i < q the map (.)^*~^ respects both W — Wi-i 
and Wi — Wi-i and is bijective on the latter (i.e. restricts to a permutation of Wi — Wi-i). 


Proposition 8.9. a-admissihle filtrations exist for any a. 

Proof: Suppose we are given a sequence of subsets 

$ = WoCWiCW2C...C Wi-i C W 

(some i > 1) such that for all j < i and all x G Wj — Wj-i there is a y G Wj — Wj-i with 

Wj-i 

x = y+' • 

Claim: For any w £W — Wi-i we have G VP — VPj_i. 

Assume that, on the contrary, G VPj_i, i.e. G Wj — Wj-i for some j < i. Thus 

for some v G VPj — VPj_i. As w ^ VPj_i we have w ^ v and this forces that either 

(87) wu =Wj^ =Vj^-^ = vu Sd 


or 


( 88 ) 


- 1 Wi-i Wj-i 

wu Sd = w_^_ = v_^_ 


vu' 


and moreover that neither a{wu~^) = 0 nor a{wu~^Sd) = 0. 

Suppose first that [(T(r(;u“^S(i) = —1 or a{wu~^) = 1] and we are in case ([871) . Then 
[(t(u¥“^) = —1 or a{vu~^Sd) = 1] and by the definition of v^^~^ we get vu~^SdU G VPj_i, i.e. 
w G Wj-i, contradiction. 

Suppose next that [a{w'u~^Sd) = 1 or a{w'u~^) = —1] and we are in case (l88l) . Then 
[a{v'u~^) = 1 or a{v'u~^Sd) = —1] and by the definition of v^^~^ we get v'u~^SdU G VPj_i, i.e. 
w G Wj-i, contradiction. 

Now suppose that [(T(r(;tt“^Sd) = 1 or a{wu~^) = —1] and we are in case ([87]) . Then 
wu~^Sd'u ^ VPj_i by the definition of w^^~^, i.e. v ^ VPj_i, contradiction. 

Finally, suppose that [a{wu~^Sd) = —1 or a{wu~^) = 1] and we are in case ([88|) . Then 
w'u~^SdU Wi-\ by the definition of w^^~^, i.e. v ^ VPi_i, contradiction. 
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The claim is proven. It implies that the map respects W — Wi-i. Let Wi — Wi-i 

be the maximal subset oiW — ITj_i on which is bijective; as VL — ITj-i is a finite set, 

Wi — Wi-i is non-empty. Put Wi = {Wi — Wi-i) U Wi-i. 

It is clear that the sequence 0 = Wq C Wi C W 2 C ... C VLj C IT again satisfies the above 
condition. Proceeding inductively we thus obtain an admissible filtration of W. □ 

Remark: The specific filtration constructed in the proof of Proposition 18.91 mav be regarded 
as the ’socle’ filtration. 

Examples: (a) If cr = 0, i.e. if a{w) = 0 for any w € VP®'*, then 0 = Wq C ITi = VP is a 
a-admissible filtration: the permutation (.)^ on VP is right multiplication by u~^. 

(b) In Theorem 18. Ill below we describe an explicit fi-admissible filtration (in fact: the above 
’socle’ filtration) for u = 1, i.e. when a{w) = 1 for any w € VP^"^. 

(c) Assume d = 2 so that VP = {1, si, S2)'S1S2, S2S1, rco} with wq = S 1 S 2 S 1 = S 2 S 1 S 2 , and 
IT"'* = VP"2 = {l,Sl,S2Sl}. 

(cl) Assume cr{s 2 Si) = cr{si) = 1 and it( 1) = 0. Then (.)^ acts on VPi = {siS2,w^o} as 
tco I-)- S1S2 Wq while (.)^|^^^ acts on VP — VPi as S2S1 !->■ 1 i-)- si i->- S2 S2Si- 

(c2) Assume <t(s 2 Si) = 0 and ct(si) = a{l) = 1. Then (.)^ acts on VPi = {s2, S2S1, S1S2, w*o} 
as tco •-)> S1S2 !-->• S2S1 !-->■ S2 !->■ while (.)^|^^^ acts on VP — VPi as si i-)- 1 i->- si. 

We assume that d > 1. Let (si,..., s^-i) denote the subgroup of VP generated by the 
elements si,..., Sd_i, and similarly define IZ = (si,..., 5^-2 )• Put VPq = 0 and VP^+i = VP, and 
for 1 < i < d define the union of cosets 

l<j<i 

Lemma 8.10. (a) For any tc G VPj n VP""* we have wu G VPi_i. 

(b) For any w G (VP — VPi_i) fl W^'^Sd we have wu ^ VPj. 

(e) For any w € Wi we have |{0 < j < d — 1; will~^Sdy G VP"'*}| = i — 1. 

(d) The set TZ is a set of representatives in {si,..., Sd-i) for the right cosets of the cyclic sub¬ 
group {u~^Sd)^ = {{u~^Sdy I j = 0,... ,d-l} o/(si,.. .,Sd-i), i.e. (si,... ,Sd-i) = u(M"^Sd)^. 

Proof: Identify VP with the group of permutations of the set {0,... ,d}, in such a way 
that Sj = (j — l,j) (transposition) for 1 < j < d. Then Wi = {w £ VP |'u;(d) < i} and 
VP"'* = {u) G VP I w{d — 1) < w{d)}, moreover u{j) = j — 1 for 1 < j < d and tt(0) = d. State¬ 
ments (a), (b) and (c) are now easily read off. Statement (d) is clear. □ 

For 0<j<d—1, forl<z<d-|-l and for u G 7^ let 

Wj{i,v) = Si-■■ Sdv{u~^Sdy G VP 
and let Wd{i,v) = wo{i,v). Let VP*,^ = {u;o(bu),... ,Wd-i{i,v)}. 
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Theorem 8.11. If a = 1 then the filtration 0 = Wq C ... C Wd+i = ^ defined above is 
a-admissible. More precisely, for any 1 < i < d -\-1 we have 

(89) Wi - Wi.i = ]J Wi,, 

and Wj{i, v) for all < j < d — 1. We have 

(90) |{0 < j < d — 1; Wj{i, v) G = i — 1. 

Proof: Lemma 18.101 (d) implies the decomposition (1891) . To see that Wj(i,v)!^^~^ = 
Wj-i-i(i, v) assume first that we are in the case where Wj{i, v)u~^Sd G W^‘^. Then, as Wj(i, v}u~^Sd G 
Wi, Lemma [8.101 fal tells us Wj{i,v)u~^SdU G VLi-i, and the hypothesis a = 1 therefore gives 
Wj(i,v}^’'~^ = Wj+i(i,v). If on the other hand Wj{i,v)u~^ G W^‘‘ then, as Wj{i,v)u~^Sd ^ 
Wi-i, Lemma [8.101 (b) tells us Wj{i,v)u~^SdU ^ Wi-i, and again the hypothesis cr = 1 gives 
Wj(i,v)^’'~^ = Wj^i(i,v). Finally, formula ([UUD follows from Lemma [8.101 (cl. □ 


8.3 Reduced standard ^^(G,/o)A;-niodules 

The justification for defining reduced standard modules over Ii{G, Iq)^ as we do it below is given 

in [9]. 

u = Sd - ■■ Si \s the image oi u G N(T) in IF = N{T)/T. Our specific choices in ([7T]l resp. 
(ED allow us to regard W as the subgroup of N(T) generated by si,..., s^. 

Definition: We say that an ?^(G, Io)fc-module M is a reduced standard module (or: is of 
of W-type) if it is of the following form M = M{6,a,e,). First, a A:-vector space basis of M 
is the set of formal symbols for w G W. The 1^(0,/o)fc-action on M is characterized by 
a character 9 : T ^ (which we also read as a character of T n / by inflation), a map 
a : VF^'^ —>■ {—1,0,1} and a set e, = {ew}w^w of units Cw G . Namely, for rc G IF we define 
= Kw{ 9) = 9{wnsj^SdW~^) G {±1}. Then the following formulae are required for t G T and 
w G W: 

Tt(gw) = 9(wt~^w~^)gw, 

= ^w9wu-^i 

: [(T(rcsd) = —1 and 6{whs^w~^) 1] or a{w) = 1 

: a{wsd) G {0, 1} and 9{whs^w~^) = 1 

: a{wsd) = —1 and 9{whs^w~^) = 1 

: all other cases 

Here the conditions involving 9{whs^w~^) = 6{whsfi.)w~^) and 1 compare the homomorphism 
Fp —)• , X I—>■ 9{whsfix)w~^) with the constant homomorphism x e->■ l(x) = 1. 


Tsfigw) — '■ 


dwsd 

^wQw 

9wS(i ^w9w 
0 
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Fix a reduced standard /o)fc-module M = M{6, a, e,) and let V = Q*VM{ 0 ,a,e,)- Choose 
a (T-admissible filtration 0 = Wq C VFi C ... C Wq = W. For 1 < i < q decompose Wi — Wi-i 
into its (.)!j^*“Corbits, i.e. write 

Wi - Wi-i = {wo{i,v),wi{i,v),... ,wt^-i{i,v)} 

vGTli 

where is the cardinality of the (.)!|l^*“Corbit with index v E TZi, such that = 

Wj+i{i,v) for all 0 < j — 1; here we write wt^{i,v) = wo{i,v). 

For V ^ TZi let be the F]-submodule of Ho{X+,V) generated by the elements gw E 
M C Ho{X+,V) for all w E Wi-iU {wo{i,v),wi{i,v),... Let Ni = Ylv€ni^i,v^ 

i.e. the F]-submodule of Hq{X+,V) generated by the elements g^, ^ M C Hq{X+,V) for 

all w &Wi. 

Theorem 8.12. Assume that there is no v ^ with cr{v) = —1 and 9{vhs^v~^) = 1. Then 

0 = iVo c fVi C ... C iV, = Ho{X+,V) 

is a filtration by k'^ [ip, T]-submodules, its subquotients admit direct sum decompositions 

Ni/Ni_i = 0 Ni^jNi_i 
vGTZi 

with Ni^y/Ni-i standard cyclic of perimeter ty. 

The Galq^-representation 1F(D(V)) admits a filtration VF(D(V)) = Vq ^ bi D ... D 
Vq = D and direct sum decompositions Yi-xjVi = such that Vi-i^y is the GalQ^- 

representation corresponding to the k'^[p,T]-module Ni^y/Ni^i. 

The proof of Theorem 18.121 is based on the following Lemma 18.131 

Let w E W. If 9{whj^w~^) = 1 we put lk{w)\ = 0 and \k{w)'] = p — I (but do not define 

k{w)). If 9{wh~^w~^) 7 ^ 1 we define 1 < k{w) < p — 2 by 9{wh~^{x)w~^) = for all 

a: E Fp , and we put [/c(r(;)J = \k{w)~\ = k{w). 

Lemma 8.13. Let v E W^'^. In Hq{X^,V) we have the following identities. 

If cr{v) = 1 then 

(91) 9v — l^vdvSci 

(92) t^’^^^^^^\f}gys, = \Kvs,)figys, 

(93) 9v 

(94) - (p - 1 - \k{vsd)])lgy 
If = 0 then 

(95) = \k{v)\\gy and = \k{vsd)V.gysa- 


E ^ k.fsd9v 
i>0 

£ ^ ^ k.t Sdgysq^ ■ 
i>0 
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Ifa{v) = 

— 1 and 6{vhs^v ^) 7 ^ 1 then 


(96) 

t^~^'njjgys^ = Kys^gy 


(97) 

= \kmgy 


(98) 

'^VSddv — gvsd 

£ ^ ^ k.t Sdgyg^ 
i>0 

(99) 

^p-l-lkiv)]^-lg^^^ - (p - 1 - \k{v)'])lgysd 

G '^k.fsdgy. 


i>0 


Proof: We view M as an 'H(iS,ZY)fc-module by means of the embedding (|70p . As in the 
proof of Proposition 18.41 we use the corresponding embedding 

(100) (ind^lfc) Af = V(t)o) Hq{X^,V). 

Regarded as an 77(5,7/)fc-module, M is the direct sum, indexed by all v G W^'^, of the two 
dimensional ?7(5,7/)fc-modules {gviOvs^)- If '^(^) = 0 summand splits up further as 

XLfc(i;)J © X\k{vs^)~\ — {dvidvSci) 

with the 77 ( 15 ,7/)fc-modules X[k{v)\i X\k{vsa)'] considered in Lemma ITHl Namely, send e G X[fc(i;)J 
to gy and send e G Xlhivs^)] to dvs^- Thus, if a{v) = 0 we conclude with Lemma [231 Next, if 
(j{v) = 1 we have an isomorphism of 77(5,7/)fc-modules 

^\k(vs^)~\ — {gvigvsii) 

sending e G to g^ and sending / G to T^.^g^ = Ts^'n^^s^gv = Hvgvs^- Thus, 

in this case we conclude with Lemma 12.61 Finally, if cr{v) = —1 we have an isomorphism of 
77 (iS, 77)fc-modules 

= {gvjgvsii) 

sending e G M|-fc(^)i to gy^^ and sending / G to Tn^^gysa = '^saTn,^sa9vsa- The latter 

equals Kyg^gy as we assume 6{vhs^v~^) 7 ^ 1 (it equals Kyg^gy — gvs^ if 0{vhs^v~^) = 1). Thus, 
also in this case we conclude with Lemma 12.61 □ 

Proof of Theorem 18.121 As in Proposition 18.41 we see that ker(7|j:^^^j^ y^) generates 
77o(A+, V) as a [(/?, Tj-module and that Hq{X+,V) is a torsion A:^-module. 

Step 1: We claim that for 1 < 7 < for v ^ TZi and for 0 < j < 7^ — 1 there are 
n = n{i, v,j) G Z>o and g = g{i, v,j) G with 

(101) t^^gwj_i{i,v) = Qgwj{i,v) modulo W-i- 
To prove this we begin by computing 






^Wj {i,v) ^d9wj-i{i,v)u~^ • 
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Now Sdgy,._^(^i^y)u -1 is related to by a factor ±1, and we have Wj{i, v) = ^ 

Thus we need to show that for w = v) there are n € Z>o and g' € with 

= da modulo Ni_i. 

To do this, we turn back to the definition of 

In the cases where a{wu~^) = 0 or a{'wu~^S(i) = 0 this follows from formula ()95p . 

In the cases where [a{wu~^) = —1 or a{wu~^Sd) = 1] and wu~^SdU ^ Wi-i this follows from 
formula (f92]) resp. (1971) . 

In the cases where = 1 or a{wu~^Sd) = —1] and wu~^SdU € Wi-i this follows from 

formula ([MD resp. ([MD since Y.i>o^-'^"^d9wu-^sa = Ei>o is contained in Ni_i. 

In the cases where = 1 or a{wu~^Sd) = —1] and wu~^SdU ^ ITi_i this follows from 

formula (1^ resp. (IMl) . 

In the cases where [a{wu~^) = —1 or a{wu~^Sd) = 1] and wu~^SdU G Wi-i this follows from 
formula ([MD resp. ([MD since Ei>o = Ei>o is contained in Ni_i. 

Step 2: We claim that for any i > 1 the subquotient Ni/Ni^i is a direct sum, indexed by 
V G TZi, of standard cyclic Tj-modules Ni^y/Ni^i of perimeter ty, and that Ni is a direct 

summand of Hq{X+,V) as a /c^-module. We proceed by induction on i. 

By induction hypothesis, W-i is a direct summand of 7fo(^+5V) as a fc^-module. There¬ 
fore, and since M = by Theorem 14.31 the classes of the gyy.{i^y) (for v G TZi 

and 0 < j — 1) form a fc-basis of keT{t\N./]\f._^). Together with step 1 we deduce our 

claim concerning Ni/Ni-i and the Ni^y/Ni-i. Next, if Ni^y/Ni-i is t-divisible then with W-i 
also iVj,D is a direct summand of Hq{Xj^,V) as a /c^-module. If however Ni^y/Ni_i is not t- 
divisible then it must be entirely contained in ker(t|^^^^^ ^), cf. Proposition 16.21 This 

means that the numbers n{i,v,j) appearing in step 1 are zero for all 0 < j — 1. In 

view of the formulae in Lemma 18.131 the case by case distinction in step 1 in the passage 
from Wj{i,v) to Wj-^-i{i,v) = Wj{i,v)^''~^ then reveals that for any 0 < j < — 1 we have 
Wj{i,v)u~^SdU G Wi-\ or a{wj{i,v)u~^) = 0 or a{wj{i,v)u~^Sd) = 0. It follows that for 
all rc G W — Wi and all / > i we have = w^‘ Therefore, and as 

Ni,v/Ni-i C ker(t|^^j.^^ step 1 shows that the [(/?]-submodule of iLo(T+, V)/W-i 

generated by the gw ioi w G W — {wo{i,v),... ,wt^-i{i,v)} is a /c^ [<y9]-module complement of 
TZi,v/TZi-i- In particular, Ni^y/Ni^i is a direct summand of Lfo(^+) V)/W-i as a fe^-module, 
hence Ni^y is a direct summand of V). □ 

Remark: We leave to the reader the necessary modifications of the proof of Theorem 18.121 
in the general case, i.e. where we allow v G with (t{v) = —1 and 9{vhs^v~^) = 1. Following 
Lemma iTGl one first must refine the formulae (IMl) . (l97|l . (f98]l . (f99]l : If a{v) = — 1 let us put 

= 1 if 6{vhs^v~^) = 1 and = 0 if 6{vhs^v~^) ^ 1. Then formulae pUjl . ([97)1 . ([95|1 . ([991) 
remain true for general v G with a{v) = — 1 if each occurence of Kyg^^gy is replaced by 

Kys^gv — Fygys^. In addition, by formulae ([9]), ([T0]l . if (t{v) = —1 and 9{vhs^v~^) = 1 we have 
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the formulae n^^gy = and ^n^^gys^ + 9vsa € Z]j>o k.f^Sdgv 

Remark: Apparently, the above proof of Theorem 18.121 allows us to precisely compute 
the parameters n{i,v,j) G Z>o and Q{i,v,j) G , hence the standard cyclic r]-modules 

hence their associated GalQ^-representations. In the following Theorem 18.141 we do 
this in the modular principal series case cr = 1. 


Let TZ C W and Wj{i,v) G VL be as in Theorem 18. Ill 

Theorem 8.14. Suppose that a = 1. Then Hq{X+,V) admits a k^[ip,T]-module filtration 
0 = A^o C A^i C ... C Nd+i = Hq{X+,V) together with direct sum decompositions 


( 102 ) = 0 

van 

such that Ni^y/Ni-i for 1 <i < d+1 and v gTZ is a standard cyclic k'^[p, T]-module of perimeter 
d. More precisely we have: For fixed i and v ^ TZ put Wj = Wj{i,v) for 0 < j < d; then there is 
a k-basis cq, ..., e^-i of ker(t|jv. „/Ar._^) such that, setting e^ = cq, for 0 < j < d — 1 we have 

(103) tP~^ipej = €yy.ej+i ifwj+i ^ IT*'*, 

(104) ipcj = e^^.Cj+i ifwjj^i G IT*'*, 

(105) = 9{wjT{x)w~^)ej for all x G . 


The distribution between the cases I1103\) and ilOfl ) is given by formula In particular, if 

1 <i < d then the Galq^-representation associated with Ni^y/Ni^i has dimension d, whereas if 
i = d+1 it has dimension 0. 


Proof: This follows from Theorem 18. Ill and Theorem l8.12[ To see formula (jlOSp recall that 
7 (x) acts as r(x), and that r(x) acts as the Hecke operator For the formulae (11031) and 

(jl04p we must inspect the above proof of formula (|101l) : namely, it is enough to prove that for 
all re G IT we have 


ifwu-^ G IT*-*, 
if wu~^ IT*'* 

in Hq{X+,V). As before we begin with 


(106) tP ^(pgyy = 

( 101 ”) T9w ^w9wu~^sd ^ 'y ^ T9wu~^sdu 

n>0 


T9w — Syfligy] — sfiTy-ilygyf) — ey]Sd9wu~^ ■ 
Suppose first that wu~^ G IT*'*. Dehne l<r<p—Iby the condition 

6{wu~^hfj{x)uw~^) = x'' 
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for all X E Fp . Then, since a{wu = 1, we find that, as an ?^(5,Z//)fc-module, {gwu-^sd^ 9wu-^) 
is isomorphic with as considered in Lemma 12.61 — take e = there. We compute 

t^~^Sdg^u-i = tP-^Sdns^n-]:g^^-i 

- Sdns^tP-^n-]^g^^-i 
{ii) 

= ^dJ^Sd^ns^Qwu-^ 

9wu~^s^ 

where (i) uses t^~^Sdns^ = SdnsJ-^~^ while (ii) uses formula Q. 

Now suppose that wu~^ ^ Define l<r<p—Iby 

9{wu~^sdh~^{x)sduw~^) = x'^ 

for all X E Fp . Then, since a{wu~^Sd) = 1, we find that {gwu-^s^^ 9wu-^) is isomorphic with Mr 
as considered in Lemma ItHI — this time take e = g^ju-^sd there. We compute 

Sdgwu — ^dTsdigwu~^Sd) 

~ ^d.'^njJ^Sd'^^‘d^9wu-^Sd^ 

= ’^Sd'^Us^igwu-'^Sd) 


- 9wu 

where the last congruence uses formula ([7|) and is to be understood as an identity modulo 
k.^Us^g^u-^Sd = ^■t'^Sdg^u-^Sd = Y ^■^''^9v,u-^SdU- 

n>0 n>0 n>0 


□ 


Further examples: (a) The easiest case is the generic case cr = 0, i.e. a{w) = 0 for 
all w E VL*'^. (’Most’ reduced standard ?^(G, Io)fc-modules arising by reduction from a locally 
unitary principal series representation are of this sort, cf. [9].) To describe it, fix a set of 
representatives Q in W for the right cosets of the cyclic group = {W | j = 0,..., d}, i.e. such 
that IT = U^gQ vii^. For example, one may take Q = (si,..., Sd-i}- Then JIo(^+, V) admits a 
direct sum decomposition 


iLo(^+, V) = (BveQ-^i,v 

such that for each u E Q is standard cyclic of perimeter d + 1. More precisely, it can be 

described as follows. The set with d + 1 elements {gv,gvu, ■ ■ ■ is a fc-basis of ker(t| 7 Vi_„). 

It generates as a [(^, Tj-module. In IIo(X+,y) we have the identities (the proof proceeds 
as in Theorem 18.141 but is easier) 

^ y9vu-^ — 

^ y9vu-^ — 


VU-^ VU-^ 


^\k{vu^~^)V-gvui-i 

if vu^~^ ^ 


if vu^~^ E IF®'* 

^u~^v~^)gvu^ 

for all a 
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(b) Assume d = 2. Theorem 18.121 and our examples in section 18.21 show that, for suitable 
choices of a, the Tj-module Hq{X^,V) admits a two-step filtration with standard cyclic 

subquotients of perimeters 2 and 4 (resp. 4 and 2). At least for generic 6, the corresponding 
GalQp-representation admits a two-step filtration with irreducible subquotients of dimensions 2 
and 4 (resp. 4 and 2). 
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